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A method of mathematical modeling of the dynamics of three-dimensional nonlinear deformable hypere-
lastic media is developed in this paper. The method is based on the Hamiltonian description of discrete
classical mechanics and on symplectic integration method for the solution at each instant of time. Com-
parative results of the solution of a model problem are presented. The results of solution of the topical

problem of dynamic behavior of an artificial aortic artery are also presented.
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Introduction

Discrete classical mechanics with the Hamiltonian description of the motion of a system of
bodies, a set of particles or local vortexes has been successfully used for long time in celestial
mechanics, mechanics of machines and mechanisms, plasma physics, molecular dynamics and
hydrodynamics, etc. [1-3]. The latest results of the use of corpuscular approach in the study
of polycrystalline bodies confirm that the methods of discrete classical mechanics can be also
applied to micromechanics [4]. The advantage of such an approach is that it allows one to describe
adequately the objects of complex geometry and local features of solutions. It also allows the
use of symplectic integrators to obtain stable in time solutions of Hamiltonian system. This
approach also greatly simplifies the equations integration. For simulation of deformable media,
this approach is rarely used. Usually finite and boundary element methods, finite difference
methods are used in their traditional form. Meshfree methods with the point representation of
computational domain and with a local approximation of the solution in weak (variational) form
are also used [5,6]. In this work a new and rather universal method for modeling the dynamics of
continuous media in which the dissipative processes are of minor importance is presented. The
method is based on discrete Hamiltonian mechanics. It combines the advantages of meshfree
Galerkin’ method [5] and the discrete representation of the gradients of field functions which
follows from the special form of the method of least squares [7].

A domain occupied by a deformable medium is approximated by a randomly distributed
set of points. Approximate solutions are constructed by means of the local groups of material
points. Every point has volume and weight and is not topologically connected with other points.
Therefore, there is no need to introduce a grid. This approach is especially useful for the study of
nonlinear dynamics of biological objects using their real anatomical geometric models (images)
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obtained with the use of tomography [8]. The set of spatial pixels that forms the picture of an
object image can be directly used as a point (discrete) model of the object. The effectiveness of
the proposed approach is confirmed by the solution of some model problems. The approach allows
the construction of the dynamic models of aorta and heart with synthetic or native aortic valves.
These models are useful in understanding the complex dynamics of such objects, especially in
the presence of abnormalities (pathologies), and in developing the future generations of artificial
heart valves. Some of the results of solution of the problem of artificial aortic artery dynamics
are presented in this paper.

1. Formulation of the problem. Description
of the mathematical model

Let a non-linear deformable elastic body of volume Vand arbitrary shape occupy at the initial
moment of time ¢y an open domain 2 C R? bounded by the surface S = S, U Sy, Sy NS, =0,
where S, and S, are parts of the surface S where forces and displacements are specified. The
initial (primary) configuration of the domain is denoted by £°(£2) and it is related to the Carte-
sian coordinate system X*. With each point of the deformable medium we associate a convective
curvilinear coordinate system 7 * in such a way that X* = X*(n*,t), and introduce the Rieman-
nian metric a;; (n k. t) = a;a;, where a; are tangent to the coordinate curve n k vectors. In what
follows the conventional in tensor calculus usage of indexes and operations is adopted.

The movement (deformation) of the medium with respect to k°(Q) at any arbitrary point in
time t > tg is defined by the following C' mapping:

z' = ¢(Xz> t)a
X e k°(Q), K :Q= R3 (1)
t S Dt = (to, 7)7

where 2* = 2%(n¥, t) are the spatial coordinates of the point in the deformed medium. Therefore,

0
for any actual configuration k¢, t > tg, a; = £(X, t), ai;(n*,t) = a;a;.
7
The time change of the initial geometry of the body is determined by displacement vector
ul = (1)
u' =2t — X" (2)

movement of the deformable medium is determined by velocity field
Ui:.fi(Xk,t):’CLi(Xk,t). (3)
Deformation measure of the medium is the gradient F', which may be represented as follows

_ 9%

F =
0X

(X,t) =Vé =a;a’, F' =a'a; #F, J=det(F)>0. (4)
Therefore, tensor of strains of the medium can be written in the following form

2F = (4i; — a;j)a’ ® ¥ = (FTF — a), (5)
where a = a;;a’ ®a’ is the metric tensor. Using (4) and (2) we get the Green deformation tensor

2Eij = (Viuj + Vjui + Viurvjur), (5@)

- 238 —



Vladimiri A. Petushkov Discrete Non-linear Hamiltonian Dynamics Models of Hyper Elastic Deformable Media

here
_ Oy

Viuj B 81‘,'

~Thupy=u®V (6)

0 sj 0 st 0 iJ . .
@sj Gsi 04 j) is the Christoffel’s symbol.

is the displacement gradient and F?i =1/2a"

ox? oxi  Ox’
The objective finite deformation rate tensor is defined as

L;j = Fy Dy Fyj, (7)

1 Ov; .
where D is the stretch rate tensor with components D;; = §(Lij +Lj;) and L;; = 3 g ikF,:jl
Ty

is the gradient of strain rate defined by (3).
Local stresses result when deformation of the medium occurs. They are defined by the second
symmetric Piola-Kirchhoff tensor

Tij = JFylonFy" = Fylmaky", (8)

where o;; is the true Cauchy stress, 74,; = Joy; is the Kirchhoff stress tensor. It should be noted
that tensor T is referred to the initial configuration k° of the medium but tensors ¢ and 7 are
referred to the current configuration k.

Material derivative of the true stress is not objective or invariant with respect to the dis-
placement of the medium as a rigid body. Therefore, the stress rate is generally understood as
the Jaumann-Noll rate [9]

0 .
Tjk = Tjk - Terrk - Tkrera (9)
. . 1
where Ty, is the material derivative of stresses W;; = i(Lij — Lj;) are the components of the

vorticity tensor.

The equations describing the non-stationary nonlinear deformation of the medium follow from
the laws of conservation of mass, momentum and energy. These equations may be represented
in 2 x Dy in the form:

p(:r;i,t)J = PO(Xi)v

(TraFj1) ke +pobj = povy, Tr = Tik, (10)

pocol) = =Vq+T: E + poh,
where p is the medium density b is the vector of mass forces 6 is the temperature ¢, is the specific
heat, h is the density of the internal heat sources, ¢ is the vector of heat flux. Equations (10)
must be supplemented with an equation of state and with appropriate boundary conditions.

In the case of nonlinear hyperelastic behavior of the medium with large displacements and
finite strains, thermal effects can be ignored. The existence of a potential energy function e
that depends only on the strain gradient (4) or its corresponding measure (for example (5)) is
assumed, i.e. e =&(F) or € = ¢(E).

Stress (8) and the equation of energy conservation (103) can be expressed in term of this

function: 5
e
T=poF 1t —
Po 8F7
p(){-f =1T: E (1037 (L)

Constitutive relation for an isotropic medium in the form of a generalized Hooke’s law follows
from the expression for the strain energy W;,, = poe
0 OWi,
- OE

=C:E, (11)
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2
where C' = 2ul + (K — g,u)I ® I is the elasticity tensor, I is the unit tensor, p and K are the

isotropic elastic constants. For elastic polymers relation (11) is usually used in the neo-Hookean
form of Mooney-Rivlin type [8]

T =—pl 4+ uB, (12)

where p is the local pressure of the medium, B = F - F'T is the Finger deformation tensor.
The boundary conditions for equations (10-(12) are written in the classical form

w (27, t) = uf(al,t), a7 €8,, te Dy,
filad, t) = Tiy(a?,t) - ng, np LSy, 27 €Sy, t € Dy, (13)

W (27,0) = w(2?); vi(27,0) = v;(2?), 27 € Q.

2. Discrete Hamiltonian dynamics model of
a deformable body

We replace the motion of the nonlinear deformable medium with the motion of a finite number
of material particles. A domain occupied by the medium is presented as an arbitrary set of points.
Let Qx be some set of N points x; that fill the domain Q, Qn = {z1, z2, ..., 2, ..., TN}, z; € Q.

All these points are considered as material particles ¢;, i= 1, 2, ... N. For example, they
have spherical shape of radius h;, that is ¢; := {y € R : ||z; — y||ps < hi}T. A set of all particles

¢; determines an open covering Qn := {g; }; of the domain 2, and parameter h = n}n}v h;
=1,

characterizes the spatial solvability of the model.

The size of parameter h or the cloud density of the non-uniformly scattered points is deter-
mined by the required accuracy of domain approximation and available computational resources.
More particles per unit volume are needed in areas with the gross shape variation and/or con-

siderable field variable gradient.

Every particle ¢; has volume v; and mass m; provided that g: v; = V and the sum of particle

i=1

masses is equal to total mass. Particle position in R? at time ¢t € D, determined by the vector
x; and linear momentum p; = m;&,;, where &; = dx;/dt is the particle velocity. Then each new
position of the particle defined by the mapping (1) relative to the initial position characterizes
the motion of the deformable medium and defines the discrete displacement vector (2) which is
the main variable of the physical field.

To calculate derivatives of the functions (1), (2), or derivatives of deformation gradients with
respect to discrete values obtained at each point x; € @, we use the "moving" form of the least
squares method [7]. In this case we consider not only the given point i but also the set of n
neighboring points or the cloud &, C Q.

The distance between particle j and particle 7 in the initial configuration is r; = (2} — z7)
and in the current configuration is 7;; = (z; — x;). Let us find the vector F! that approximates
at the point i the strain gradient F' so that the residual

Ji = Z ‘Fi’l“?j — ’I“ij‘Q(SijO") (14)

jeg’ﬂ

TFor particles of other form, h; is the radius of circumsphere.
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ns |1l < o,

is minimal with a weight function ¢;;(r) defined on a compact support [r € &
j’ > r*, otherwise

where r, is a suitable radius, 0;;(r) = 6(|r%;|; r.) and &;;(r) = 0 for all |r!

dij(r) =1- ’r?j‘Q/rf.

The selected weight function satisfies all the necessary conditions [7] that is the conditions of

continuity, positivity: d;;(r) > 0 in the domain $,,, compactness J;;(r) = 0 outside this region.
The size of the compact support is normally chosen from the condition 7, o< (2 =+ 6)h.

0J;
Taking into account (4) and condition 0= 5F =2 Y (Fird—rij) @r);0i;(r) we obtain
? JES
Fl = (V'e)i= > riy @rg0i(r)G, (15)

JESH

where G; = Y 7, ® r{;0;;(r), and from (5) we obtain the discrete Green deformation tensor.
JESR
The kinetic and potential energy of the discrete system that moves in space R? are

N
K= ng; Win = 3 VieFD) (16)

where ¢; is the density of strain energy of the particle ¢;. Strain energy depends on the discrete
deformation gradient Fih. In this case elastic potential Wy, is the function of particle position x
only.

In the absence of external forces the Hamiltonian is expressed in the following form (16)%:

H(xap) :K(p)+Wzn(m)v (17)

where H(x,p) is in general a piecewise smooth function. Hence we turn from the study of
motion of the deformable medium in space R? to the study of motion of discrete system in phase

space RN,
N
If domain © in R?*M has a canonical symplectic structure w = > dx; A dp; then basic second
i=1
order equation (102) can be changed for the Hamiltonian first order system of ordinary differential

equations of the form:

OH(x,p) . OH(z,p)
— = — . 18
op P 5 (18)
Taking into account (15) we obtain the following equation of particle motion
. OH
o =~ = 3 (LFG; 1l + TEG ' 18)50). (19)
J

This equation guaranties the energy conservation given by (103) and (103, a).

Symplectic integrators are usually used for numerical solution of Hamiltonian systems [2, 3].
These integrators are conservative schemes, and they provide stable solutions in temporal do-
main D;. We choose 1st order explicit symplectic scheme [10]:

Tnt1 = Tn + TRAL, Tpy1 = Tn + (aa’j/at)nJrlAt- (20)

The stability condition for scheme (20): At = h/c, where ¢ is the speed of sound in the
deformable medium.

fIn the presence of external forces their potential is added to H.
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However, internal instability due to high-frequency non physical oscillations of the particles
may occur in the system. The occurrence of instability depends on the number of points (size of
the particles) and on the choice of the weight function and the radius of a compact support (14).
That leads to a loss of accuracy of the solution. In this case, an additional potential of ex-
ternal pseudo dissipative force (see, for example, [10,11]) is included in the right-hand side of
equation (19).

3. Numerical results and discussion

Example 1. Dynamics of a cantilever subjected to end instantaneous displacement. Dimen-
sions of the beam and the loading characteristics are shown in Fig. 1. The cantilever material is
aluminum with £ = 2.0-10°Pa and Poisson’s ratio = 0.33. The value of the initial displacement
at t = 0 is uJ= 0.1 mm. A various density of particles with h= (1+4)-1073m. is used for the
discrete approximation of the beam. Displacements of the beam point P with respect to the

equilibrium position as a function of time are shown in Fig. 1.

300x300
Pﬁ
U3
2
0 _t, MuH
2 40 °F 60 =80 1100
-4
-6
-8
-10

Fig. 1

The conservatism of the numerical scheme is confirmed by the constancy of the total energy
(see Fig. 2a, where (1) is the change in time of the kinetic energy, (2) is the change in time of
the potential energy and (3) is the change in time of the total energy of the beam). Fig. 2b
shows the movement of point P on the phase plane. These results confirm the stability of the
symplectic integrator within the specified interval of time. The results are in good agreement
with the FEM solution. With the same number of nodes the difference between the obtained
results and the FEM results in this case does not exceed 2-6%.

Example 2. Pulsation of the aorta. Let us consider the problem of nonlinear dynamics of a

shell of complex shape, namely, dynamics of aortic artery under the action of pulsating pressure
(Fig. 3). The real 3D geometry of the artery (Fig. 3a) is obtained from computer tomography
images with the help of pattern recognition methods [12,13]. As the picture of the cross-section
A indicates the geometry data is the set of pixels with different color depth.
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Number of computer model points out of the total number of pixels is determined mainly
by the required accuracy of the solution and the available computer resources. The choice of
a point is controlled by a given depth of the computer tomography image color tone. Each of
these points represents a small material volume, piece of the aorta. The cloud of the points is
the discrete representation of the aorta. Fig. 3b or Fig. 4a shows the discrete representation of
some cross-section of the aorta.

The distance between particles characterizes the spatial resolution of computational domain.
In this case the distance is 0.2 mm that corresponds to about 1000 particles in the cross-section
shown in Fig. 4a.
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Fig. 4

The experimental equation-of-state for hyper elastic material is taken in the form [14]:
Win = 0.5u(1; — 3) + 0.5k(log(FT))?,

where p=1.17 10° Pa, k= 1.2 10® Pa, I is the first invariant of the deformation tensor (5a).

Let us compare the proposed computational model with the FEM model. Fig. 5 shows the
time response of the aorta wall at point A (Fig. 4). The results demonstrate a good accuracy
of the proposed discrete Hamiltonian model. The value of the wall displacement is somewhat
overestimated (line 2 in Fig. 5) in comparison with the FEM results (line 1 in Fig. 5). This is
the characteristic feature of meshfree methods.

o N B OO o o

Fig. 5

In order to choose a proper material for artificial aorta it is important to know the magnitude
and distribution of stresses in the wall of the aortic artery under the influence of pulsating
pressure. The distribution of dynamic stresses in the wall of the non-damaged aorta at some
instant of time is shown in Fig. 4b.

Conclusions

3-D boundary value problem of nonlinear deformation of hyperelastic media of arbitrary shape
under large displacements and finite strains is formulated. Meshfree particle computational model
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for computer vision problems is presented. It is based on the point representation of a media and

does not require mesh to represent domain occupied by the media. This approach makes it easier
to handle large deformation and domain discontinuities with the desired numerical accuracy. The
efficiency of the proposed computational model for study of the dynamic deformation of solids
and objects of biomechanics is also demonstrated.

The work is supported by the Russian fund for fundamental research (grant 13-01-00977-a).
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JucKkpeTHble MO/1eJI1 HeJIMHENHOl TaMUJIbTOHOBOI JUHAMUKN
rurnepynpyrux jgedopMupyemMbiX Cpesl

Baaagnmup A. Ilerymkos

Paspabomar memod mamemamuseckozo mMo0esuposarus OUHAMUKY MPETMEPHLIT HeAUuHeTHo depopmu-
DPYEMBLT 2UNEPYNPY2UT cped, 0CHOBAHHBLT Ha [ GaMUABTNOHOBOM ONUCAHUY QUCKPEMHOT KAACCUECKOT Me-
TAHUKY U CUMNAEKMUYECKOM Memode UHMe2puposarus PeWeHUA Ha 8pemertom caoe. IIpedcmasaervs
CPABHUMENDHDBLE PE3YADMATNDL PEWEHUA MOOEALHOT 300a%U U PEWEHUE AKMYAAbHOU 3a004U BUOMETAHU-
KU 0 JuHaMUKe A0PMANLHOT APMEPUL.

Karoweswie crosa: dedpopmupyemvie cpedul, Konewrvie depopmayuy, moweunas annpokcumayus, Iamuio-
MOHOB0 ONUCAHUE, CUMNAEKMUYECKUT UWHMEZPAMOD, MAMEMAMUYECKOE MOOJEAUPOBAHUE.
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