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The existence and uniqueness of solution of the identification problem for multi-dimensional parabolic

equation with source function of the special form in the case of Cauchy’s data has been proved in this
paper.
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The identification problem of source function of the special form in multi-dimensional
parabolic equation with Cauchy’s data was considered in this paper. Unknown coefficient de-
pending on the all variables has form of the sum of functions each of which depends on time and
a spatial variable.

Using overdetermination conditions the inverse problem is reduced to direct problem for
loaded parabolic equation. Solvability of the direct problem is researched by means of the
method of weak approximation [1-3]. Theorems of existence and uniqueness of solution of the
original inverse problem have been proved in classes of smooth bounded functions.

Correctness of the identification problem of source function in two-dimensional parabolic
equation, where unknown coefficient has form of the sum of two functions, has been investigated
earlier in [4]. Behaviour of solution of the two-dimensional identification problem of source
function, when time goes to infinity, has been researched in [5]. In [6] the case, when unknown
coefficient has form of the product of two functions, has been studied. The identification problem
of source function depending on (¢, z) has been investigated in [7]. In [8,9] identification problems
of certain coefficients at higher-order derivatives for parabolic equations with input data in the
special form have been studied. Initial-boundary value problems of identification of coefficient
at source function have been considered in [10,11].

1. The problem formulation

In the domain G 1) = {(t, )0t T, o= (x1,22,...,%pn) € R”} we consider the Cauchy
problem for the following parabolic equation

ug = L (u(t,z)) + f(t,x) - A(t,z), t € (0,T), z € R", (1)

L(u(t,z) =Y be(t)aya, () + Y cr(t)ug, (t,2), (2)
k=1 k=1
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with the initial data
u(0,z) = up(z), x € R"™. (3)

Here coefficients by(t) > by > 0, cx(t), & = 1,2,...,n, are real-valued, continuous and
bounded in [0, T] functions.

In the problem it is required to determine the solution of equation (1) u(¢,z) and also coeffi-
cient, which is introduced as

A(t,z) = Zn: Ak(t, ). (4)

k=1

Let function wu(¢, x) satisfy conditions of overdetermination:

u(t,ap_y, T, apyr) = @it zr), k=1,2,...,n, (5)
here vectors a}wa%, k=1,2,...,n, are:
ap = (a1,qz,...,0p), ap = (a1, a9,...,a), a5 = (U, Vi1, 0n),
ar =const, k=1,2,...,n.

Suppose that the following conditions
uo(a,lc_l,xk,aiﬂ) = or(0,z), k=1,2,...,n, (6)
p1(t,0n) = pa(t, a2) = -+ = pn(t, om), (7)
and conditions on function f(¢,x):
‘f(t,a;lﬂfl,xk,aiﬂﬂ > 60p >0, 6p =const, k=1,2,...,n, (8)

are hold.
We will use the following notation:

Aslu(xy, o, ..., 2y)
D* — D(81,827~--,Sn) — L) yon
V@) R P I

where s = (s1, $2,. .., Sp) is multi-index, s, > 0 are integer, r =1,2,...,n, [s| =s1 + ... + Sn.

Let functions f(t,x), uo(x), ¢r(t,xx),k = 1,2,...,n, given in the domains Gy 1), R”,
[0,T] x R accordingly, be sufficiently smooth, have the all continuous derivatives, which satisfy
the inequalities (9)—(11).

Dof(t,z)| < C, s=(s1,.--,8n), $=0,1,...,6, r=1,...,n, (9)
Diug(z)| < C, s=(81,---,8n), s =0,1,...,6, r=1,...,n, (10)
oiti

ot )| <Ci=0,1=0,1,...,6; k=1,2,...,n. (11)
ot oz,
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2. Reducing the inverse problem to the direct problem

We reduce the inverse problem (1)—(5) to the auxiliary direct problem. Substituting z = aq,

xp = ag, k=1,...,n, into (1) we obtain the formulas of coefficient at source function:
t — L (u(t
Mt 1) + Aa(t, a2) + .+ An(t, ) = tltr80) = L(ult,a0)), (12)
f(t7a0)
w(t, x1,a3) — L (u(t,z1,a3))
Aq(t Ao(t oot At o) = )
) el ) ol ) f(trnad)
ut(ta Ckl,il'g,(lg) - L (u(t,ala Z2, (L%))
AM(t,ar) + X (t,xe) +...+ A\ (t, ap) = ,
1ty o) + Aalt 22) ( ) f(t, a1, x2,a3) (13)

u(t,al_,x,) — L (u(t, at_, xn))
f(taa/i—pxn) .

We sum up of the equations (13) and substitute the right part of equation (12) into the
obtained formula.

)\1(t, Oél) + e —|— )\n_l(t,ozn_l) —|— )\n(t; In) =

~ ue(t, x1,a3) — L (u(t,z1, a2 ug(t,al 1 w,) — L (ut,al_ i, 2,
Z)\k(taxk): t( 1 2) (2( 1 2)>+__.+ t( 1 ) : (( 1 ))_
1 f(taxlaaq) f(tvanflaxn)
1) ug(t,a0) — L (u(t,ao)).
f(t7 aO)
2
From conditions (5) it follows that umkmk(t,a}cfl,xk,aiﬂ) = a—xiwk(t,xk), k=12 ...,n
Therefore we get the formula of unknown coefficient in the form
At x) =D Mlt,x) = g(t,2)—
k=1
k; b (t)uwkwk <t7 azl—lv L, a?—!—l) J’_k; Ck (t)uwk (t’ azl—lv L, azz-i-l)
B Zn: ki ki )

f(t7 a}il, L, a12+1)

Here function g(¢,z) is known and has the form

s =3 Fron(ts o) = bk<t>ai%wk<t,xk>2— er(t) g on (b k)
k=1 [t ag_y,mh, a8y y)
Grorttan) = () ron(t.on) + ault)d oult o)
S T )
Let us introduce the functions:
t,x

Po(t,z) = —;(i7a0)>7
Oy (t,x) = — f(t,2) L k=1,2,...,n, (15)

f(ta a]1€717 Tk, ai+1)
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G(t,z) = f(t,z) - g(t,x). (16)

Substituting (14) into (1) and using (15) and (16) we obtain the direct problem for the
equation

up = L (u(t,x)) + Z D,(t,x) - (Z bie () Uy, (B @}, 4, a3 1)+
i=1 k=1,
ki

+ Z ck(t)uxk(t,all17xi7a§+l)> +G(t,z), (A7)
k=1
+

with initial data (3).

3. Solvability of the direct problem

To prove solvability of the direct problem we will use the method of weak approximation.
We split equation (17) into three fractional steps and make time shift to % in traces of unknown

function.
uj =3- LW (t2)), jT<t<(j+3)7; (18)

. n n i T
ul =3- Z@i(t,x) . (Z br(t)ug, ., (t — g,a%_l,xi,afﬂ)—i—
; k

k#i
n T . .
+ 3 enltul, (t— 3»a%_1,wz-,a?+l>>7 (G+3)7<t<(+3)7 (19
k=1,
k;éli'
uf =3-Gt,z), (j+2)r<t<(+1)r, (20)
u” (0, 2) = ug(z), (21)

j=0,1,...,(N—-1), Nt =T.
Below j-th whole step means interval ( i, G+ 1)7’] and r-th fractional step of j-th whole step
means interval ((g + %) T, (j + %) T}.
Let us introduce the following notations:
UL(0) = sup [Duo ()],
TER™

UI(t)= sup sup|D%u" (&, 2)|, j7 <t < (j+1)T,
jT<§§tIER"

s=(81,---,8n), $»=0,1,...,6, r=1,...,n, (22)
uo)y= > U0, U= > U
5=(51,:,8n), 5=(51,..,5n),
57=0,1,...,6, 57=0,1,...,6,
r=1,..., n r=1,..., n

The following statements are valid

L D (&a)| SUI() SUT(), jr<&<t < (j+ 1) (23)
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2. Functions U] (t),U7 (t) are nonnegative and nondecreasing in every time step (47, (j + 1)7].

Let us prove a priori estimations, which guarantee the compactness of family of solutions
u” (t, ) of the problem (18)-(21).
Zeroth whole step (j = 0) is considered. In first fractional step, ¢t € (O, g], we deal with the
equation
u; =3-Lu(t,x)).
Using the principle of maximum for Cauchy problem we have

,0<&<t, te(0,2]. (24)

(&, 2)| < sup Jug(z)
zER®

After applying the differential operator D*® with s = (s1,...,8,), 8- =0,1,...,6, 7 =1,...,n,
to the equation (18) and initial condition (21), using the principle of maximum, we obtain

,0<E<t, te(0,%]. (25)

|D*u” (&, x)| < sup |[Dug(x)
TER™

We apply sup and sup to both parts of inequalities (24), (25) and sum up the results. In
zERn 0<E<t
terms of U™ (22) we get the following estimation
UT(t) <U0), 0<t< (26)

Wil

Let us consider the second fractional step of zeroth whole step, t € (g, %T}

n n n
i =33 i) (z (0T, (t— a0l o)+ 32 (O, (¢ >)
i=1 h—1, k=1,
ki ki

Integrating equation (19) we have
n

n 13
um (€, x) = u” (T, ) *32/7 ®;(0, ) - (Z be(0)ul, ., (0 — 5,al_1, 25,02, )+
i=1"3

k=1,
ki

+ > en(0)ul, (0 g,ag_l,xi,afﬂ)) o, T <E<t, te (g, %].
o
From (8), (9), (15) it follows that functions ®j(t,z) and their derivatives D*®y(t,x),
E=1,...,n, s = (S1,...,8), s = 0,1,...,6, r = 1,...,n, are bounded. Therefore the fol-

lowing inequality is valid

sup sup ‘uT(f,m)| < sup ’uT (g,a:)|+

0<é<t zeR? zEeR?
t n n
+C / Z sup sup |ul . (0 — %, )|+ Z sup sup |ul, (0 — %, )| | df.
T \j=; 0<O<tzeRn - L=y 0<O<t z€R™

Here and further we suppose, that C' > 1 are different constants, which depend on the initial
data and do not depend on parameter 7.
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We apply differential operator D® with s = (s1,...,8,), $ =0,1,...,6,r=1,...,n, to (19)
and integrate the obtained equation. Taking into account (22), (23), (26) we get

27
UT(t) < U(0)+C~/73 UT0—1)db, t e (3,%). (27)

3

In the third fractional step of zeroth whole step, t € (2{, TL we consider the equation
u; =3-G(t,x).
Similarly to second fractional step using (9)—(11), (16), (22), (23), (27) we have
U™ (t) < U(0) +C’/

(UT (9_;)+1) @, te (z.7].

3

With properties of definite integral, taking into consideration that function U” (¢) is nonde-
creasing we obtain

UT(t) < U(0) +C/OT(UT 9) +1> do, t € (0,7].

Next under Gronwall’s lemma the following estimations are valid.

UT(t) <U(0)-eCT + g (e - 1),
UT(t) < (U0)+1)-e“T =1, vt e (0,7]. (28)

Then we consider the first whole time step, ¢ € (,27]. Here similarly to zeroth whole step
we have

U™(t) < (U(r) +1)- €™ — 1 < [under (28)] <
< (U(O)+1)'6CT'60771: (U(O)Jrl)'eQCTfl,

that is
UT(t) < (U0) +1)-e*7 —1, Vt € (0,27].

In the second whole time step, where t € (27, 37|, we get the estimation
UT(t) < (U0)+1)-e3°7 — 1, Vt € (0,37].
Through finite number of steps in interval ((N -7, N T} we obtain
UT(t) < (U@O)+1)-e“N" —1=(U(0)+1)-e“T-1<C, ¥t e ((N—-1)r,N7].
Finally the estimation is hold:
UT(t) < (U0)+1)-e“T —1<C, Vte[0,T).
There by the uniform on 7 estimations are proved:
|DSuT(t,m)| <O, 5= (51,---,8n), 80 =0,1,...,6, r=1,...,n, (t,x) € Gjo 1] (29)

From estimations (29) it follows that the right parts of equations (18)—(20) are bounded
uniformly on 7 in every time step, therefore the left parts of the equations are bounded uniformly
on 7 too.

‘u{(t,x)‘ < 07 (t?l‘) € G[O,T]-
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Applying differential operator D® with s = (s1,...,8,), s, = 0,1,...,4, » = 1,...,n, to
(18)—(20) we obtain the following estimations

‘DSUZ(t,m)‘ <O, s=(81,--+58n), 8 =0,1,...,4, r=1,...,n, (t,2) € Gjo1- (30)

Estimations (29), (30) guarantee that conditions of Arzela’s theorem about compactness are
fulfilled. With the help of the Arzela’s theorem the subsequence u™ (¢, z) of sequence u” (¢, x)
of solutions of the problem (18)—(21) with derivatives D*u”, s = (81,...,8,), $» = 0,1,...,4
r=1,...,n, converges to function u(t,z) € Cyy (Go,r)). Under theorem about convergence of
method of weak approximation [2] the function u(¢, z) is a solution of the problem (17), (3) and
u(t,z) € C;f (Glo,17)- Here

?

OMy 951t teny
otm’ gzt - Oxyy

Cf,f (G[O,T]) = {u(t,x) ‘ € O (G[O,T]) ,m = 0, 1, e Dy

sr=0,1,...,q, T:l,...,n}.

At the same time the following estimations are valid for (¢, ) € Gio,1y:

|Dsu(t,z)| <C, s=(81,---,8n), o =0,1,....4, r=1,...,n. (31)

4. Existence of the solution for inverse problem

Now we will prove that the pair of functions u(t, ), A\(t, z), where A(t,z) is defined by (14)
and satisfies condition (4), is the solution of the inverse problem. Function u(¢, x) is the solution
of the direct problem. Substituting u(¢,z) into (1) and (3) we obtain that identities are hold.

From conditions (8), (9), (11), (14), (31), equation (17) it follows that functions u(t, z), A(t, )
belong to the class

2(1) = {ult,2), A(t,2) | u € CL (Gpom) Mt @) € CP2 (Gpom)
and satisfy the following inequality

> Do)+ D |DAta)| <C. (32)
$=(81,..,5n), s=(81,---,8n),

Sr=U,1,...,4, sr=U,1,2,

r=1,....n r=1,....n

Let us prove that solution u(t, z), A(¢,z) of the direct problem satisfies conditions (5). Con-
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sequently we substitute x5 = oy, k=1,2,...,n, to (17):

0 0?
w(t, w1, a3) — a@l(taxl) = b1(t) - (uzlzl(taxhag) - axg%(taxl)>+
1

0
+ () - <um1(t,x1, a%) - %gol(t,xl)> +(n—1) Og(t, 21, a%)x
2

X (bl(t)uzlzl (t,a0) — bl@)%%(ta a1) +e1(t)ug, (t, ao) — Cl(t)a%l@l(t, a1)> +

1

82
+(n—2)- ®y(t,z1,03) <Z{ g, a,, (t, a0) — bk(t)wwk(t,ak)]—k
k

znj[ (t)uta, (¢, a0) — ()8‘;%@,0@]),

k=2

0 0?
1 1
ut(t, an—lvxn) - a@n(tvxn) = bn(t) : (uxnxn (t,an_l,mn) - aim%@n(ta mn)) +

0
+cn(t) - <uwn(t,a}l_1,xn) — &U@n(t,xn)> +(n—1) Pyt a,_ Lo an)x

2

0 0
X (bn(t)uwnwn (t,a0) — bn(t)a?‘:on(ta an) + cn(t)ug, (t,a0) — Cn(t)aix?ﬁ@n(t’ an)) +

n
n—1 2

> |00t ts00) = 0(0) a0+
k

k=1

+( ) <D0(7n17xn)'<

k=1

n—1
0
+> [ck(t)um (t,a0) — ck(t)aka@k(t, ozk)] ) .
Let us introduce the notations:

Vi (t, xr) = ult, a,lcfl,xk, aiﬂ) —r(t,zr), k=1,2,...,n.

Then we have the following system of equations:

Sn(ty) = bi(6) wml)m()%wla,w

+(n—1)- ®g(t,x1,0a3) ( 1(t oq)—l—cl(t)aawl(t,oq))—l-
T
+ (n—2) - ®o(t,x1,0a3) Z( k(ts k) + cx(t %91““7“”)7
k=2
0 _b 2 0
&wn(taxn) = n(t) : Tﬁl¢n(t7 xn) + Cn(t) : @wn(taxn)""

2

(1= 1) Boftsal ) (bnu)ijwn@,an)+cn<t>8inwn<t,an>>+
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= 2) - Bo(t,a} 1,xn>~2<bk<>§2 gt ) + el >awk<t,ak>>, (33)

T Ox
k=1 k k

Ve(0,25) =0, k=1,2,...,n. (34)

Let ¥ = (¢1,%9,...,1,) be the vector of solutions of the problem (33),(34). Vector ¥q =
= (0,0,...,0) is the solution of the problem (33),(34). Let us prove that the solution is unique.

We will prove this by contradiction. Suppose there are two different solutions of the
problem (33), (34), which satisfy (11), (31): B* = (61,63,....8.) € C"*(Gjo,r7) and

= (5%7537 s ’/B’rzl) ectt (G[O,T])-

The difference

is the solution of the following problem:
2

gﬁl(t,xl) bl(t) . 67

: St +alt) 5o+

0
+ (TL— 1) ‘I)o t :1:1,a2 (bl t 041) +Cl(t)axlﬂ1(t,a1)>+

+(n—2) - ®o(t,21,0a3) Z( k(L o) + et )aikﬂk(t,ak)>,

k=2

2

0 0 0
aﬂn(taxn) = bn( ) o 2 ﬁn(t xn) + Cn( ) . 7ﬂn(taxn)+

0xy,

+ (7?,— 1) (I)O( ) A — 1"1:”) : (b ( )882ﬁ7l(t an)"'cn(t)ailﬂn(t?an))_"

n—1 2
+(n—2) - Dolt,al_ pwn)Z(bk()f el ak)+ck<>aaﬁk<t,ak>>7
h—1 xk Tk

ﬂk(oaxk)zoa k=1,2,....n

We introduce nonnegative, nondecreasing in [0, 7] functions like this:

pi(t)=  sup
(&,2)EG0,4

lﬂk(gvxk)’ l:071323k:1a27"'7n' (37)

Oz,

Under the principle of maximum for equations of system (36) we obtain

B1(&, 20| < C- (p1(1) +p1(t) - t+C - Zpk + (1)) -t

|B2(€, 22)| < C - (p3(t) + p3(t) -t +C - Z (P () + 2 (1)) -,

k=1,k#2

|Ba(&,2n)| <O (P2(1) +pL(t) -t +C - Zpk )+ pi(t)) - t,

nggta 0<t<T7 xkeRvk:1a27

)
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We differentiate k-th equation from system (36) with respect to z, kK =1,2,...,n, one and
two times. Under the principle of maximum for the obtained equations we get the estimations:

al

aixllﬁl (67 l'])

<C-(piT2(t) +piM @) - t+C- Zpk +pi(t)) - t,

N (39)
@ﬁn(f, l’n)

n

<C- (P2 + 0, (1) -t +C- Zpk +pi(t)) - t,
0<ES 0K<tLST, s R E=1,2,....n
We apply  sup  to both parts of inequalities (38), (39), sum up the obtained results.

(&,2)€G(0,4
Next under the nonnegativity of functions (37) we have:

1
Hence it follows that the following equation is hold by ¢ € [0, 6], where 6 < Yok

DD i) =0.

1=0 k=1

Taking into consideration the properties of functions (37) we get

Be(t,zr) =0, k=1,2,...,n, zy €R', 0<t<6.
Thinking the same way, when ¢ € [0, 26], we obtain

Be(t,xr) =0, k=1,2,....n, zx € R}, 6 <t <20.
After finite number of steps we have

Be(t,zr) =0, k=1,2,....n, 7, e R, 0<t < T. (40)
From formulas (35) and (40) it follows that

Bt —Bi=0, k=1,2,....n, 2y €RY, 0<t < T,

that is
ﬁ]%25137 k:1a27"'ana $k€R17 0<t<T

Thereby the supposed solutions are equal in all area G ). That’s why the solution of the
problem (33), (34) is unique.

Because of the problem (33),(34) has only zero solution, then conditions (5) are satisfied.
Therefore the pair of functions u(t, ), A(t, x) is the solution of the main inverse problem (1)—(5).

Thus the following theorem has been proved.

Theorem 1. Let conditions (6)—(11) be hold. Then solution u(t,x), A(t,x) of inverse problem
(1)—(5) exists and satisfies (32) in class Z(T).
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5. Uniqueness of the inverse problem solution

Let conditions (8)—(11), (32) be fulfilled. We will prove uniqueness of solution of problem
(1)—(5) by contradiction.

Suppose {u(t,z), A(t,z)} and {a(t, z), A, )} are two classical solutions of problem (1)—(5).
The pair of functions u(t, z), A(t, z) is the solution which is defined by equation (14) and satisfies

condition (4). And pair of functions a(t,z), A(t,z) = Z Mi(t, z)) is some another solution of
k=

problem (1)—(5) which satisfies condition (32). Then the followmg formulas are hold.
ut(ta ‘T) =L (u(tv‘r)) + f(tﬂ {ZZ) ’ )\(t,l‘),

ay(t, ) = L(a(t,x)) + f(t,z) - At 2),
u(0,2) = up(x), w(0,z) = uo(x),
u(t,a,lc_l,:ck,a%_irl) =r(t,zr), k=1,2,...,n
ﬂ(t,a,lc_l,:ck,aiﬂ) =r(t,zr), k=1,2,...,n

We introduce the notations:
w(t,z) = u(t, ) — a(t, z), Z%mk = \(t,z) — (¢, z).

So the pair of functions w(¢, z),y(t, ) is the solution of Cauchy problem:
we(t, ) = L(w(t,x)) + f(t,z) - y(t, x), (41)

w(0,2) =0, w(t, ai_l,mk, a%_H) =0, k=1,2,...,n. (42)

Consequently we substitute = ag, v = ag, k = 1,2,...,n, to equation (41). Using (42)
we evaluate the coefficient at function f(¢,x):

n

n
Z bk(t)wrkrk (t,al bxi’azz-i—l) + k; Ck(t)wwk (tvaz 1vmiva12+1)

n .
Z”k”’“ 2” e

NUSPEINUARY

Next we substitute the latter formula to (41) and obtain

wt:L(w(t,x))—i—Z@(t x) (Z bi () Wapa (B @)1, Tiy @)+

i=1 k=1
k#i
Z w:ck ) z 17xi7a7,2+1)>7 (43)
k:
k#
w(0,z) = 0. (44)

Let us introduce nonnegative, nondecreasing in [0, 7] functions:

Vi(t) = sup ‘Dsw(é,x), s=(81,--,8n), 5 =0,1,2, r=1,...,n

(&,x)€G 0,1
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Taking (8), (32) into account, under the principle of maximum we get that for the equation
(43) the following inequality is valid.

!w({,x)] <C£ Z Vvs(t)a 0<£<t7 (tvx)EG[O,T]~

5=(81,--+,5n),
$,=0,1,2,
r=1,....n

Under nonnegativity of functions V(t) it follows that

N

Vo) <C-t- Y Vi), 0<t<T. (45)

S=(81,---,8n),
s,=0,1,2,
r=1,..., n

Applying differential operator D® with s = (s1,...,8,), 8 = 0,1,2, r = 1,...,n, to (43),
(44) under the principle of maximum we obtain the estimations:

Vi) <Cot- > VAt), 0<t<T. (46)

S=(81,.-+,8n),
sr=0,1,2,
r=1,...,n

Summing all estimations (45) and (46) we get

Yo ovw<cte Y V), 0<t<T.

5=(81,---,8n), 5=(81,---,8n),
sr=0,1,2, sr=U,1,4,
r=1,...,n r=1,...,n

1
Hence the following estimation is valid by t € [0, ], where £ < rok

Therefore w(t,z) = 0 by (t,r) € Go¢. Replicating the reasoning by ¢ € [£,2¢] we obtain
that w(t,x) = 0 by (t,2) € G[p,2¢- In finite number of steps we will prove that w(t,z) = 0 on
Glo,r)- It means that u(t,r) = u(t, z) on G 1.

From equation (41) and conditions (42) we see that

ft,z)-~(t,x) =0. (47)
Let us consider (47) when © = ag, 2 = oy, k=1,2,...,n:
f(t,a0) - (it on) + ...+ (t, o)) =0,
f(t,x1,a2) - (vt z1) + 72t 02) + ...+t o)) =0,
ft,al | x,)- (vi(tar) + .o+ Y1t an—1) + v (t,2,)) = 0.
Under conditions (8) for source function the following formulas are hold.

Yty a1) + 2 (t, a0) + ... + Yt an) =0, (48)
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Yt z1) + 72t a2) + .+t an) =0
m(t, on) +y2(t, z2) + ...+ (t, an) =0,

71(t7 0[1) +...+ ’Ynfl(ta anfl) + ’Yn(tvxn) =0.
Summing up equalities (49) we have

n n

Z’Vk(t7xk) +(n—-1) Zwk(t,ak) = 0.

k=1 k=1

Hence under (48) it follows that (¢, z) = > v (t,zx) = 0. That is
k=1

At,z) = A(t,z), t € [0,T].
Thereby we have proved the following theorem.

Theorem 2. The solution u(t, z), A(t, x) satisfying (32) of the problem (1)—(5) is unique in class
Z(T).

Theorems 1 and 2 are followed by the theorem 3.

Theorem 3. Let conditions (6)—(11) be hold. Then in class Z(T) the problem (1)—(5) has unique
solution u(t,x), A(t, z) which satisfies inequality (32).

The study was supported by The Ministry of education and science of Russia, project
14.A18.21.2014.
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006 oxHoil 3amave naeHTUUKAIN (DPYHKIINT NCTOYHIKA
CIIEIIMAJILHOTO BHAA JIJII MHOTOMEPHOTO IIapaboIniecKoro
ypaBHeHUs ¢ gaHHbiMu Ko

Urops B. ®posieHKOB
Exarepuna H. Kpurep

B cmamuve dokasdamv, cyu,ecmseosarue u e0UHCMEEHRHOCTb PeUweHUA 3a0auy udeHmudurauuy GyHKYUU
UCMOYHUKA CNEYUAAOLHO20 8UOA ONA MHOZOMEPHO20 NAPADOAUNECKO20 YPasHEeRUA ¢ darHbmu Kowu.

Karoueswie crosa: obpamnasn 3adava, udenmudurayus GyHKuuL ucmouHura, MHo20MepHoe napabosuec-
Koe ypasrerue, Memod caaboli annpokcuUMaUUL, CYUECTMBOBAHUE U eQUHCMBERHOCTVG PEWEHUSA, 3a0a4a
Kowu.
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