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A method for constructing solutions of nonlinear partial differential equations with two independent
variables is proposed. The method is based on the search for so-called intermediate systems, each solution
of which satisfies the initial equation. The main attention is paid to a second order nonlinear wave
equation. We give examples of intermediate systems and corresponding solutions.
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Introduction

One of the first methods of integrating nonlinear partial differential equations, proposed by
Monge and Ampere, can be formulated as follows [1,2]. Suppose we are given an equation of the
second order

D(t, 2, U, Upy Ug, Upt, Upgy Uzg) = 0. (1)

It is necessary to find an equation of the first order
V(t,x,u,ut,ux)Jrc:O, (2)

depending on an arbitrary constant ¢ € R such that any non-singular solution satisfies (1). The
equation (2) is called the first or intermediate integral of the second order equation (1). Further
development of this method was obtained in the works of Darboux and his followers. The key
point in the Darboux method is that it is necessary to find an equation of order n that depends
on a constant and is in involution with (1). The details of the Monge-Ampére and Darboux
methods are well described in [3]. Modern aspects of these methods and some generalizations
are presented in [4,5]. It should be noted that the equations (1), to which the Monge-Ampere
and Darboux methods are applicable, are exceptional. For example, among the equations of the
form

only the Liouville equation is integrated by the Darboux method. On the other hand, the Goursat
problem of describing all equations of the form

Uty = F(tax7u7ut7um)

integrable by the Darboux method remains open [6].
In this paper, we propose an approach to the integration of equations of the type (1), based
on the finding of such systems

B O'u

=G s Wy secesUm)y T T 4
ug (x,u,us Upp) Ui = 5 (4)
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H(x,u,uy,...,uy) =0, (5)

that each solution of this system satisfies the equation (1) as well. We suppose the manifold (5)
is invariant under the equation (4) [7] and say that the system (4), (5) is intermediate.

The article has the following structure. In Section 2 we construct intermediate systems for
equations of the type (3) using their higher symmetries. The higher symmetries [8] are also called
generalized or Lie-Backlund symmetries [9,10]. It is shown that if the equation (3) admits an
operator of higher symmetry

D’I’L
7t Z aun :
where D, is the operator of total derivative with respect to x, then the system
u+n=0,  Di(n)+f=0 (6)

is intermediate for the equation (3). To solve the system (6), we use the Runge-Kutta methods for
the approximate solutions of ordinary differential equations. Some solutions of the sine-Gordon
equation are given. In the third section, intermediate systems for the equation (3) are found
without the use of symmetries. It turns out that the equation

up = e"(ug — u%)

has a simultaneous solution with the sinh-Gordon equation, and the third order evolution equa-
tion
up = e"(usz — 2ujusg)

has a simultaneous solution with the Tzitzeica equation.
The fourth section is devoted to the construction of invariant manifolds for diffusion equations

Ug = (ukuz)m. (7)

For special exponents k we found differential constraints depending on the third, fourth and
fifth derivatives with respect to z. Examples of exact solutions of the equation (7) obtained by
integrating differential constraints are given.

1. Intermediate systems generated by symmetries
Among the nonlinear equations of the form

Uty = f(u)7 (8)

as is known [11], only equations with right hand sides f = ay exp(u) + as exp(—u), f = a; sin(u),
f = a1 exp(u) + ag exp(—2u) (a1, a2 € R) have higher symmetries.
We recall that the operator

= Dn
”a - Z ('3un
is a higher symmetry of the equation (8) if the equality

0
DiDyn = naii

is satisfied according to the equation (8) and its differential consequences. Here and thereafter,
D;, D, will mean the operators of total derivatives with respect to ¢ and = respectively [9].
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To each operator X one can associate the differential equation

n=0. (9)

This leads to the system (8), (9) for the function u. In this section we consider examples of such
systems. We begin with the Tzitzeica equation

Uty — exp(u) — exp(—2u) = 0. (10)

It has a denumerable set of higher symmetries [11]. Let us investigate the compatibility of a
system consisting of (10) and the equation

us + 5(ugug — u%u;; — ulug) +uf = 0. (11)

Here and thereafter, we will use the notation u; = g;ﬁ . The left-hand side of (11) defines a fifth
order higher symmetry of the Tzitzeica equation (10). From the system (10), (11) you can get
more convenient one. Indeed, differentiating (11) with respect to ¢ and substituting the mixed

derivatives, according to (11), we obtain a new equation

" urug (e + 4) + 3ud(—e3 + 1) + 2udug(2e3* — 1) — uj(e® + 1)
47 3
e’ —2

=0. (12)

Further, differentiating the last equation with respect to ¢ and substituting the mixed derivatives
from (11), we obtain the evolution equation

(2672 — e¥)(uz + 2uiusg)

et 2uiug — (ug — u?)?

= 0. (13)

By direct calculations one can verify that the equation (12) is an invariant manifold of the
evolution equation (13).
We recall the notion of the invariant manifold [7]. Let us consider an evolution equation

u + F(t,x,u, g, .y tiy) =0 (14)
and an ordinary differential equation
h = + Gz, u,uy,y .y hm—1) = 0. (15)
The equations (14) and (15) form the manifolds in the jet space [8].
Definition 1. The manifold (15) is called invariant under the equation (14) if the relation
Dh =0 (16)

is satisfied due to (14), (15) and their differential consequences with respect to the variable x. In
this case, the system (14), (15) will be called passive (in the narrow sense).

Remark. The general definition of a passive system in the analytic case is given in [12].
It should also be noted that the Tzitzeica equation is a differential consequence of the system
(10), (11). More precisely, the following formula holds

(27 — )y + )
(2uiuz — (ug — u?)?)?

D,(e1) + ea = Uy, — explu) — exp(—2u),

where e; is the left-hand side of (13), ey is the left-hand side of (12). Hence, any solution of the
system (12), (13) is a solution of the Tzitzeica equation.
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If we set four initial conditions
o'

o

then from [5] it follows that the system (12) and (13) will have a unique local solution. It is

assumed that the initial data are not special, i.e. denominators in (12) and (13) are not equal

to zero. We say that the solution of the system depends on four constants in the neighborhood

of a nonsingular point.
As a second example, consider the sine-Gordon equation

to,l‘o):Ci, 1=0,...,3, ¢ €R,

Uty — sin(u) =0, (17)

supplemented by an ordinary differential equation of the fifth order

5 3«
U5 + i(u%u?, + ulug) + §8u‘1’ =0,

generated by one of the higher symmetries. Repeating the arguments given above for the Tzitzeica
equation, from the last two equations we obtain the passive system

e3 = ug + (12ugu? + Susuy tg(u) — 4u3 + 3uf tg(u))/8 = 0,

2u3 + u3 B
Suguy — 4u + 3u}

eq = u + 4cos(u)

The solution of this system also depends on four constants, and the sin-Gordon equation is a
differential consequence of this system

8 cos(u)(4u3 + uf)

D,
(ea) + (Suzuy — 4u2 + 3ui)?

es = Uty — sin(u).

Definition 2. A passive system
G=uw+ F(t,x,u,uy,...,u;) =0, H(t,z,u,ugy .., Up) =0

is called intermediate for equation

Uty + [z, 0, ur,. .., up) =0, (18)
if
D, (G)+rH = ug, + f,
where T is a function of t,x,u,u1,...,up (p < k).

We have given above two examples of intermediate systems. Now we will present one of the
ways of constructing such systems.

Proposition 1. Let the operator

Y = F(x,u,u u )é—i—io:D"(F)i (19)
- s Wy U1y e ey Um 8U — x aUn7
where ” # 0 is the higher symmetry of the equation (18). Then the system
u + F =0, D, (F)—f=0 (20)

is intermediate for the equation (18).
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Proof. The equality obviously holds
Utm"‘f:Dz(ut"_F)_(Dz(F)_f) (21)

The equation (18) is invariant under a translation of ¢. As is well known, the symmetries of the
equation form a Lie algebra [8,10]. Hence, according to the condition of the Proposition 1, the
operator
X = (u + F)3 + iD"(ut + F)i
ou = ° Oun,
is also a symmetry of the equation (18). Obviously, the operator X is a symmetry of the

equation D, (us + F) = 0 and this equation is invariant under the traslation. Hence, it admits
an operator Y. As shown in [5], this means that the system (20) is passive. |

As an example, consider the sine-Gordon equation (17). The operators of higher symmetries
(19) for this equation form an infinite-dimensional Lie algebra £ [10,11]. In this case, the
function F' is represented as a linear combination (with real coefficients) of the functions F; = u;,
Fii1= Li(Fl), where L = D?E —|—u% —u1 D™y is the so-called recurrence operator. In particular,
the functions F» and Fj3 are given by formulas

1 5 3
)3 :U3+§u§’, Iy :u5+§(u%U3+u1u§)+§u§.

As repeatedly noted, the Lie algebra L is also the algebra of symmetries of the mKdV equation

U = u3z + iui’
Proposition 1 clarifies the connection between the solutions of higher order mKdV equa-
tions and the solutions of the sine-Gordon equation. The higher order mKdV equations are the
evolution equations

Us + F= 0,
where the function F' is a linear combination of the functions F} = wuy,..., Fyy1 = L{(Fy).
According to Proposition 1, the system
u+F =0, D, (F) +sin(u) =0 (22)

is passive and each of its solutions satisfies the sine-Gordon equation. In particular, the 1-soliton
solution of the sine-Gordon equation

u = 4arctg(exp(maz + t/m + n)), m,n € R

satisfies the system (22), where F' = ¢oF5+c1 Fo+co Fy, and the constants cg, ¢1, co, m are related
by the formula com® + cim* + com? +1=0.

In addition to the 1-soliton solution, the intermediate system (22) has other solutions. As
shown in the monograph [7], the standard numerical Runge-Kutta methods can be used to solve
systems of the type (22). If we introduce new functions ul = uq, ..., ud = uyg, then the system
(22) with F = ¢oF5 4 ¢1 Fy + co F} is rewritten as two systems of ordinary differential equations of
the first order in ¢ and x respectively. Given five initial conditions, we solve the system of ordinary
differential equations in ¢, and then use the obtained data to solve the system in terms of z. In
this manner, we obtain a solution of the system (22) satisfying the initial data «(0,0) = 3.14,
11(0,0) = 2, u2(0,0) =0, u3(0,0) = =2, u4(0,0) =0, u5(0,0) =10 and ¢y = —1, ¢1 = c2 =0.
The graph of the solution is shown in Fig. 1.
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Fig. 1

2. Intermediate systems of nonlinear wave equations
In this section we construct examples of intermediate systems for the nonlinear wave equation
Ute + f(u) =0, (23)

without using the symmetries. In the general case, the problem of finding intermediate systems
is very difficult. It requires the solution of nonlinear partial differential equations with several
independent variables.

We will look for intermediate systems in the form of polynomials with respect to u; (i > 0)
with coefficients depending on u. By analogy with (20), we assume that the system has the form

U = a1 + agu%, (24)
h = D,(ajus + agu%) +f=0, (25)

where a1, as are only functions of u. The first equations in the system is invariant under a scale
transformation of independent variables.

Since the system must be passive, it is proved in [7] that the function h must satisfy the
so-called linear defining equation of the form

Dih —roD2h — rDyh — r1h =0, (26)
where rg,r, 71 are some functions of u, uq, ..., u, and the relation (26) must be fulfilled because
of the equation (24), i.e. the derivatives u,uss,... are expressed in terms of ajug + agu%,

D, (ajus +agu?), and so on. The left hand side of the equation (26) is a polynomial with respect
to uq, ... us, and all its coefficients must therefore be zeros. Collecting similar terms for us yields
the relation a? — rga; = 0. Hence, the formula holds

To = aj.

Next, we collect the terms with uiu4 and find the function r

r = (a] + 2a2)u;.
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If we collect similar terms containing wz, then it is easy to express the function rq
1 = 2us(a) + a2) + ui(azal /ar + 3ab).
Collecting of similar terms with us gives the relation
ai(aj +az)f =0.
Since the case a; f = 0 is not of interest to us, the equality
as = —aj)

must hold. Collecting terms with u3uy and taking into account the previous equality, we obtain
the equation
ma = (a})

which has a solution
a; = cexp(ku),

where ¢, k are arbitrary constants. This yields
as = —ck exp(ku).

Substituting the found functions into the defining equation (26) and collecting terms with u?,
we obtain the equation
" —4k*f =0.

From the equation we find
f = c1exp(2ku) + co exp(—2ku), ¢1,c0 € R.
Thus, the intermediate system (24), (25) has the form
up = cef(uy — ku?), h = Dy(cef(ug — ku?)) + c1e®* 4 cpe ™2k = 0,
and the corresponding equation (23) is
Uy = 17K 4 coe™ 2R,
If ¢ = k = 1, then the linear defining equation (26) is
Dih — e*(D2h — uy Dyh — 4uth) = 0.
Now consider the third-order evolution equation
uy = F = aqus + asuqus + agui’, (27)
with a1, as,a3 € R. The additional equation is given by the formula
h=D,F+ f=0. (28)

The system (27), (28) must be passive and, consequently, satisfy a linear defining equation of
the form
Dih — sD3h — roD2h — rDyh — r1h = 0, (29)

where s, 1, 7,1 are functions of w, w1, us, u3 to be determined together with h.
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The left-hand side (29) is a polynomial in wuq,...,uy. All the coefficients of this polynomial
must be zero. It is easy to calculate that the coefficient of u7 is equal to a3 — sa;. It follows that
s = ay. Collecting terms with wug, us, ug, we find the functions rg, 7, ry:

ro = (a} + az)uy, r = (a + 3a3)u? + 2aus,

r = [U3a1(2a/1 + ag) + uyup(ahaz + 2a1ah + 6ajas) + ud(aas + 4a1ag)] Ja.

The remaining terms on the left hand side (29) form a polynomial in three variables uy, ug, ug.
Equating the coefficients of this polynomial to zero, we obtain an overdetermined system of
ordinary differential equations for functions aq, as, as, f. This system is easy to solve. Omitting
the computational details, we see that there are only three types of solutions. We present the
final form of the equations (27) and the corresponding functions f:

(1) us = e“(uz — 2uiug), f=cre* +cpe ¥,
(2) we=uz—1uj/2, f=ce" +cee™,

(3) wu =uz+ut/2, f = c1sin(u) + c2 cos(u),
where c1, co are arbitrary constants. The second and third evolution equations are well known,
but the first one is probably new.
3. Diffusion equations with constraints

In this section, we will continue constructing passive systems using the defining equations.
Let us consider a nonlinear diffusion equation

ve = (VF0,)., keR.
We replace u by v* and obtain an equation with the bilinear operator [13]
Uy = Wllgy + bU2, b=1/k. (30)
As in the previous sections, we supplement the equation (30) by an ordinary differential equation
h =0,

the right-hand side of which satisfies the linear defining equation

Dih —roD2h — rDyh — r1h = 0, (31)
where rq, r,r1 are functions of u, w1, us,... . We assume that h has the form

h =us + aquius + agu:{’ + asuy + aq.

Here aq, ag, as, aq are only functions of u. The left-hand side of the equation (31) is a polynomial
in uq,...,us. Equating the coeflicients of this polynomial containing us, u4, u3 to zero, we have

ro = u, r=(2b+ 3)uq, r1 = (2a)u — ar)ui + (6b + 4 — 2a1u)us.
The remaining terms in the polynomial lead to an overdetermined system of ordinary differential

equations containing unknown functions aq, ..., as. Omitting the long but easy calculations, we
give the final result.
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Proposition 2. For any b € R the linear defining equation has two solutions
hi = ug, hy = uz + 2buius /u — bud Ju?. (32)
Moreover, there are additional solutions of (31) for the following values of b:

2uuiug — u:{’ —Ccluq

(a) b=-1, h = us + cuq, h=us+

)

2c9 — u?
4uqug u? 2 C2
() b=-2, h=uz — —— 42— +cju” + 2,
u U u
() b=-2/3, h=wuz+cu 3 +c,
ul(uQ +2(31)

d) b=-1/2, h= _
(d) / uz + w(eau? £ 2)
where ¢, c1, co are arbitrary constants.

Remark. Some solutions of the equation (30) are given in [5,13,14]. In particular, for b = —1/2
this equation can be linearized.

As an example, we show how to find exact solutions of the system

2uu Uy — u% —Ccruy

U = uuy — us, Us =0. (33)

2co — u?
We rewrite the second equation in the form

u3(2¢o — u?) Juy + 2uuy —u? = ¢
and differentiate with respect to x. This leads to the fourth order differential equation

ugu; — ugug = 0
without any constants! Dividing the equation by uju3 and integrating, we obtain
usg + cup = 0.
If ¢ = —k?, then the general solution of the last equation is
u = 51" + 597 4 g3,

where k, s1, s2, s3 are functions of . We substitute this solution in the second equation of the
system (33) and find
c1 — 2e9k? + k25§

4/€282
Next, we substitute the function w into the first equation of the system (33). As a result, we
have the system of equations

S1 =

K =0, sh = k?s953, 595y — 2(sh)% = (c1k® — 2cok?)s3.
If the constant m = —c1 k2 + 2cok? is positive, then
1
So dl, dsy € R;

B dlet\/m + dgeft\/m’

otherwise, we obtain
1

2T sin(ty/—=m) + dg cos(ty/—m)’

S
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The functions s1, s3 are expressed from the above formulas.
Another solution of the defining equation (31) is

o ’Ué " (b-‘,—l)uy[@

h = us =0. (34)

U1 u
Moreover, the system (30), (34) is passive for any b € R. If we divide h by us, then it is easy to
find the first integral and then reduce it to the first-order equation

uy = qru”’ + go,

where ¢1,¢q2 are functions of ¢t. For some values of b, we can construct solutions of the last
equation in elementary functions. These solutions are related to the invariance of the equation
(30) under the translations in ¢ and x.

We give an additional statement which is verified by direct calculations.

Proposition 3. The equations (30) and h = 0 form a passive system with the following values
of the constant b and the function h:

. 3U2U3 + (b+ 2)U1’LL3 % _ uf%
Uy u ud o ou’
b= -1, h:uzlfuZuS;

VbeR h:U4

Ui
6ujug  4ud  18ulup  8uf
b = —2 h = _—— = — _——
’ t u u + u? ud’
S h:w_M_%ﬂ@Ly;
U U U
4U1U3
b=-2/3, h= ;
/ ’ ug + 3u
2 2
uius Uy uju2
b=-1/2, h= —= — ;
/ ) u4 + 2U 4U2 ’
Sujuz  u3
b=-1/2, h= —=
/2 vt 2u 2u’

1
b=1/3, h = —(3 Tu2uy);
/ us + Suur (Buuguy + Tujuy)
1
, h=us+ T(—u3u2u41 — BU4ufu2 — Sususuiu’+
u-uy
+ 6uguiu + dusu® + 10uduiu — 6ugui);
1
b= —1/2, h =us+ f(’U,1U4 — 15UQU3);
2u
1
b=1/2, h =us + @(12“}“’1”4 + 10uzugu + 3uzu? + uiuy);
b=1/4, h = us;

1
b= 1/2, h =us + %(5U1U4+5U2’LL3).
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ITpomexkyTodnable cucteMbl 1 audpepeHnnaIbHble CBA3U
BBICHINX ITOPSJIKOB

Ouaer B. Karmos

NucruryT Buraucauresnbaoro mogenuposanus CO PAH
Axkaznemroponok, 50/44, Kpacuosipck, 660036

Poccus

B pabome npedaosicer memod nocmpoerus pewenuti HeAUHEeTHBIT YPAGHEHUT 8 YACTIVHBIT NPOU3BOOHBIT C
J8YMA HE3ABUCUMBIMU NepeMeHHbIMU. Memod ocrosan Ha noucke Makx HA3bIBAEMBIT NPOMEHCYMOYHBLL
cucmem, Kascdoe pewenue Komopouir Yoo8AEMEOPAEm ucroonomy ypasneruro. Ochosroe srumarue yoe-
AAEMCA HEAUHETHOMY BOAHOBOMY YPABHEHUIO 8MOPO20 NOPAdka. IIpusedernv, npumepv. NPOMENCYMOUHBLT
CUCTNEM U COOMBEMCMBYIOWUT DEUEHUT.

Knmoueswie crosa: dupdepenyuarvhvie c8a3U, 0ONPedessouue YpasHeHUA, UHBAPUGHIMHDIE MHO2000pa-
3UA.
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