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The problem of completeness of the set of functions from a finite set A to set of all subsets of A is
studied. Functions of this kind are called multifunctions on A, they generalize the well-known class
of functions of k-valued logic. The usual superposition adopted for functions of k-valued logic is not
suitable for multifunctions. In the paper one of the types of superpositions that are commonly used for
multifunctions is considered. We prove necessary and sufficient condition for the completeness of an
arbitrary set of multifunctions on {0,1} which contains all unary Boolean functions with respect to given

superposition.
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Introduction

Discrete functions defined on a finite set A and taking values in the set of subsets of A are
widely used in the mathematical modeling of data processing. Since recently, such functions are
usually called multifunctions on the set A, and in the case where the set A = {0,1} the term
‘incompletely defined Boolean function’ is well known. It is obvious that there are two kinds of
indeterminacy in the case A = {0,1}. For the first kind of indeterminacy on the tuples when
the function value is not defined, the indeterminacy is understood as the ability to adopt both
values, 0 and , i.e. the image of these tuples is the set {0, 1}. Boolean functions with this kind of
indeterminacy are considered, for example, in [1]. The second kind of indeterminacy is associated
with the empty set, typically means taboo data and studied, for example, in [2].

In this paper we consider Boolean functions with two kinds of indeterminacy, following the
general theory we call them multifunctions of rank 2. We investigate the problem of finding effec-
tive criterions for the completeness of sets of multifunctions. We prove a necessary and sufficient
condition for the completeness of an arbitrary set of multifunctions of rank 2 which contains
all unary Boolean functions with respect to superposition, which was studied, for example, in
papers [3,4]. We note that this result was announced in [5].

1. Basic concepts and definitions

Let A={0,1} and F = {@,{0},{1},{0,1}}. We define the following sets of functions:
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Py, ={flf: A" = F}, Py =UP;,,

Pin={fIf : 4" = F\{{0.11}}. Pj =UP;,

Py ={fIf : A" = F\{a}}, Py =UP,,,

Py, ={f|f € P5, and |f(a)| =1 for Zvery a€ A"}, Po= P,

Functions from P, are called Boolean functions, and functions from P are called multifunc-
tions on A. The cardinality of set A is called the rank of a multifunction.
For the superposition

F(fi(@e, .oy xm)y ooy fu(@, oy Tm)),

where f, f1,..., fn € P53, to define a multifunction g(x1, ..., 2,,), following [3], [4], we define the

values of the multifunction f on subset tuples of set A as follows: if (aq,...,q;) € A™, then
N f(B1,...,Bn) if the intersection is not empty,
ﬂiefi (041 ..... Oém)
OLyeeey Q) = )
gl ™) U f(B1,...,Bn) otherwise.
Bi€fi(ar,...,atm)

On tuples containing &, the multifunction takes the value @. This definition allows us to calculate
the value of f(x1,...,2,) on arbitrary tuple (o1,...,0,) € F™.

A multifunction e} of dimension n is called a multifunction of projection by i-th argument,
if for all elements a1,...,a, of A

er(ar, ... an) = {a;}.
For a set of multifunctions B its closure [B] is defined as follows:
1. BU{el'} C [B].
2. Superposition f(f1(x1,...,Zm),- s fu(@1,...,2m)) € [B] for all f, f1,..., fn € [B].

Every subset B C P; such that B = [B] is called a partial ultraclone of rank 2. A partial
ultraclone K is called mazximal, if there is no partial ultraclone K7 such that

K CK,CP;.

A set B is called complete in Py if [B] = P5.
Let R® be an s-ary predicate defined on the set F. A multifunction f(z1,...,2,) on the set
A preserves the predicate R® if for any tuple

(alh o ,0631), ) (alna .. '7asn)7

from R®, the tuple
(floar, . osoan), oo flast, o)
belongs to R?.
For simplicity we use the following notation: @ « *, {0} « 0, {1} + 1, {0,1} «< —, thus
F ={x0,1,-}.
Consider the predicate

O O O O
-0 O
= O = O
O R = O
e
O O ==
O = O
= o O =
(.
2 ™ 2
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where in every column (« 3+ 4)! among the elements «, 3,7, d at least two are equal to x, and if
one of the elements «, 3,7, is equal to 0 or 1, then among the others there is no —.

Pol(R) denotes the set of multifunctions which preserves the predicate R.

The multifunction of Py is defined by its values on binary tuples, the vector of values is
written as a row or a column, and we shall assume that binary tuples are given in accordance
with the natural order. For example, f = (0% —1) means that f(00) =0, f(01) = %, f(10) = —

f(11) =1.

The multifunction which on all tuples is equal to * will be denoted by .

2. The criterion of completeness

In this section we prove the completeness criterion for a set of multifunctions containing all
unary Boolean functions.

Lemma 1. The sets Py and P, U {x} are partial ultraclones of rank 2, which are not equal
to Py.
Proof. Tt is obvious that taking closure of these sets does not lead beyond these sets. O

Lemma 2. If for tuples (ai,...,an) and (B1,...,Bn) from A" f(ai,...,an) = * and
f(B1,.-.,0n) = —, then the set P, U{f} is complete in Py.

Proof. The proof completely coincides with the proof of an analogous statement from [6]. O

Corollary. The set P, U {(x—)} is complete in Py.
Further on, we need the following statements from [7].
Lemma 3. The set Pol(R) is a mazimal partial ultraclone of rank 2.

Lemma 4. The following sets are equal to Py :

1) [{(1), 1)),
2) [{(x0), (=0)}],
3) [{(0=), (=1), (0%)}],
4) {(0=), (=1), (x0)}].

The criterion of completeness is given by the following

Theorem. A set of multifunctions B containing all unary Boolean functions is complete if and
only if B contains the following multifunctions:

1) f1 not belonging to the set Pol(R),
2) fa that takes value — on at least one tuple,

3) f3 that takes value *, but not on all tuples.

Proof. Necessity. Let {0,1,2,7} C B and B be complete in P;. We shall prove by contradiction.
If B C Pol(R), then [B] C Pol(R). We have a contradiction with Lemma 3 and completeness of
the set B. If B does not contain a multifunction that takes value — on at least one tuple, then
B C Pj. Hence, [B] C Py which is impossible in view of Lemma 1. If B does not contain a
multifunction that takes value *, but not on all tuples, then B C P; U{*}. Thus [B] C Py U{x},
we have a contradiction with Lemma 1.
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Sufficiency. It is obvious that { Z , iv , : } C [{f2, f3,0,1,2,%}] for every a € {0,1, —}.

Now we note if you can get one of the multifunctions (E), <6>, ( 1 >, (I) then B is

complete in view of Lemma 4.
Since f1 ¢ Pol(R), there are tuples &' = (ad,...,al), where i € {1,2,3,4}, such that
1

n

]

2
3 byM.

4

(o] a3 ?a?)t € R for every j, but fi 3 | € R. We denote the matrix

4

O Qv O
O O O

Note that all columns of the matrix M can be considered different, since we can identify the
variables of the multifunction f; corresponding to the same columns.

Let us prove that it suffices to consider the situation when for any j the tuple (a]l a? a? a?)t
belongs to

o o o0 1 1 1 1 0 -
c_Jo 0o 1 1.0 1 0 1 -
_0717070717170717_

o 1 1 0 O 1 1 0 -

Obviously, if there are columns with the value * in the matrix M, then f; (M) also has the value *.

Note that there can not be exactly one value * in the column fi(M), otherwise there will be a

column in the matrix M with exactly one value *, which is impossible. It remains to consider

the situation when there are exactly two values of * in the column f;(M), one value of — and
*

one value of a, where o € {0,1}. Without loss of generality, we assume that fi(M) = *

@
It is obvious that in the matrix M the value * can occur only in the rows &' and d2 Moreover,
if the value * occurs in the column with the number j, then o} = a? = *, and a , a;‘ are not

J J
equal to *. Further, in each column with the number j, in which the value occurs we change

*

the values o} and a so that (a a? o ol ) € C. As a result, instead of the column

J VAR M _
@
1)
we get the column j , that also does not belong to R. Thus, we have proved that for any
@
j the tuple (a o2 af o)’ belongs to
o o o0 1 1 1 1 0 =
C— o o 1 1 0o 1 0 1 -—
) )0’170207171207 1" —
o 1 1 0 0 1 1 0 -—
00011110 —
. . . 001 10101 — .
Without loss of generality, we can consider M = 0100110 1 — |[-since
01100110 —

we can always add a fictitious variable to fi and insert the missing column.
We prove that in the matrix M the columns equal to (0110)* and (1001)* can be replaced
by some columns of M that are different from (0110)* and (1001)* such that if the matrix M; is
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obtained from M by replacing the column, then fi(M;) € R. The column f; (M;) will represent
some binary multifunction g(x,y), by this we prove the completeness of the set B. Since after
replacing the columns (0110)* and (1001)* we get that g(z,y) is given by a superposition of the
multifunction f; with binary multifunctions from [B], we have g(x,y) € [B]. Thus, the theorem
will be proved.

We consider the case with the column (0110)*, the case with (1001)* is analogous.

Suppose that among the values of the column fi(M) there are — and «, where o € {0, 1}.

Without loss of generality we assume that fi(M) = * |. In the matrix M the column

73

T4
(0110)* is replaced by (0101)". Then the column (—a7374)" changes to (—ads3ds)’ ¢ R. If
g(x,y) = (—ads3ds) € [B], then the set B is complete, since ¢(0,y) = (—a).

It remains to consider the cases when either one of the values of * is among the values of the
column f1 (M), or all values of this column belong to {0,1}. Two cases are discussed below, each
of the remaining cases is similar to one of the two.

*
Case 1. Let f1(M) = ;2)) , where 7o, 73,74 are not equal to *. Taking into account
T4
the case considered above, either each of 79, 73,74 is equal to —, or each of 7, 73, 74 belongs to
{0,1}. In the matrix M, the column (0110)" is replaced by (1111)*. Then, instead of the column
(x127374)%, we obtain (01727304)t. If exactly one value is equal to * from the values o1 and oy,
then we replace the column (0110)! by (1111)! unchanged. If 01 = o4 = *, then the column
(0110)* is replaced by (— — ——). As a result, we obtain the column (&; 62 d3d4)%, in which
exactly one of the values 01, 02, 03, 04 is *, i. e. (01020304)8 & R. If g(x,y) = (81 623 34) € [B],
then it is easy to obtain the multifunction g(x,y) = (x101) from it. The set B is complete,
since g1(x,—) = (1—). Thus, we further assume that the situation where exactly one value of
four values is equal to * is obvious.

Let 01 and o4 are not equal to *. In the matrix M, the column (0110)? is replaced by (0101)¢.
Then instead of the column (x 7o 73 74)" we obtain (xme0304)!. If 03 # *, then the situation is
obvious. If o3 = *, then the previous change of the column (0110)* is changed to (1100)'. As a
result, instead of (x¥727374)" we obtain the column (o172 * 74)t € R.

1
Case 2. Let f1(M) = 8 . In the matrix M, the column (0110)" is replaced by (0101).
0
Then instead of the column (1000)" we obtain (100304)". If exactly one value equals * from the
values o3 and o4 or at least one of the values o3 and o4 is —, then the situation is obvious.

We consider the cases when o3 and o4 belong to {0,1}. If o5 = 04, then either (1000)*
remains unchanged, or instead of (1000)" we get (1011)" € R. Let o3 # o04. Without loss of
generality, we assume that o3 = 1 and o4 = 0. Then the previous change of the column (0110)?
is changed to (0000)!. As a result, instead of (1000)*, we obtain the column (10210)t. If oy = 1,
then (1110)t € R. If oo = 0, then the previous change of the column (0110)* is changed to
(0011)%. As a result, the column (1000)* remains unchanged.

It remains to consider the case o3 = 04 = *. Recall that in the matrix M we replaced the
column (0110)* by (0101)*. Then the change of column (0110)* is changed to (1111)*. As a result,
instead of (1000)%, we obtain the column (o100%)¢. If oy # *, then the situation is obvious. Let
o1 = *. Then the change of column (0110)* is changed to (0000)*. As a result, instead of (1000)°,
we obtain the column (1og * 0)t. If o5 # *, then the situation is obvious. Let og = *.
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So, we have

00011110 — 1 00011111 — x
00110101 | [0 00110100 —| [=x
Motroo1101 —|T|lo]"loro001 100 —| |«
011001710 — 0 01100111 — x

If there is 8 € {0,1} such that at least one of f;(000111108), f1(00110101p3), f1(011001108),
f1(0110011083) is —, then instead of the column (— — ——) it is easy to choose the column
(01020304)", different from (0110)" and (1001)* such that

00011110 &
001 1 01 0 1 &
f10100110153 Zh,
01 10011 0 &

since it contains the values — and « € {0,1}. Otherwise, the column (0110)" is replaced by
(— = ——)*, we obtain

S 1

- - 0

- o | #R
0

h

o O OO
= =0 O
_ o RO
OO = =
O R O
— == =
— O O
|

It remains to note that when we get the column Bt e {(1000)%, (1011)*, (1110)*} instead of
the column fi(M) = (1000)?, then ' represents a nonlinear binary Boolean function g(z,y). If
g(x,y)€[B], then [{g(z,y),Z,0,1}]= P> is true. Hence, the set B is complete by Lemma 2. [

The first author was supported by RFBR (project 18-31-00020).
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O moJ/iHOTEe MHOXKeCcTBa MYJbTUMYHKINIT paHra 2
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Poccus

Hcenedyemes npobaema noanomov, mrostcecmea Gynkuutl, onpedeseHnvls na Koneunom mruoocecmee A u
NPUHUMAIOUWUT 6 Kauecmee 3Havenuli nodmmnosrcecmsa mrootcecmea A. ynkyuu maxoz2o 6uda Ha3v16a-
10m myavmupynryusmu na A, onu 060bwatom ropowo uszeecmuwil kiace Gyrkyul k-3nawnot A02uKY.
Cynepnosuyus 6 06vHOM CMBICAE, NPUHAMAA OAA GYHKUUT k-3HauHOU A02UKY, HE Mo0TOdUm OAf Pa-
bomu, ¢ myasvmupynrkyuamu. B cmamve paccmampueaemces odun u3 6udos cynepnoduyuli, KoOmopwie
00bL4HO UCTONDIYIOMCA OAA MYsoMUuPyHKyuld. okasaro neobrodumoe u docmamowHoe Ycaosue nNoAHO-
ML NPOU3BOALHO20 MHodicecmea myavmudynryud na {0,1}, codeporcawezo 6ce odnomecmrvie 6yaeeov
dyrryuu, omrocumesbro OGHHOT CYNEPRO3UUUL.

Karoueswie caosa: 6yaesa Gynkuyus, Mysvbmu@ynkyusi, pare, CYnepnoduyus, noAHOE MHOHCECTNEO.
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