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In the spaceEjof variablesxchooserdifferent pointsa, k = 1,r.InthestripGyr) =
={(t,x)| 0 <t < T, x € E;}considertheCauchyproblemfor the system of loaded nonclassical
parabolic equations

U (8, x) = a3 (O (6, %) + by (D, (8, ) + £1(8,%,u,v, 6, (1), (1)),
v (t,%) = @y () (6, %) + b (O, (6, %) + fo (6, %, v, §u (1), §, (D)),
u(0,x) = up(x),
v(0,x) = vp(x),

(1)

X € El' (2)

Here the components of vector-functions

Y o
(pu (t) = (U(t, ak),WU(t, ak))l (ﬁv(t) = (U(t, ak);ﬁv(t: ak)):

k = ﬁ) ] = Tpl'
aretracesoffunctionsu(t, x), v(t, x)and all their derivatives with respect to xup to orderp;.

DenotebyZ? (G[O,t*])thesetofthefunctionsu(t, x) defined inGy .+, belonging to the class

ou du R
Ctl,f (G[O,t*]) = {U(t, x)l E,W € C(G[O,t*])l] =0, P},

andboundedin(t, x) € Gy .+jtogether with their derivatives

p

2

j=0

ol u(t, x)

: <C.
ax’

In [1] sufficient conditions for the existence of solving the problem (1),(2)in the
classZ? (Gp,+) are obtained. Supposethatp > max{p;,2} +2 >4, andwiththispsatisfies the
conditions of the existence theorem [1]. In view of this theorem a classical solution u!(t,x),
vi(t,x) € ZE(Gpo+) of the problem(1), (2)exists.We prove that this solution is unique.
Supposethatthereareanotherfunctionsu?(t, x), v2(t,x) € Z¥(Go,+) along with the functions

ul(t, x), v'(t,x) is a solution of the system of equations. Then



uf(£,50) = @ (ke (6,2) + by (Ouk (6,0 + f (63,604, 6,4(6), §0(0)),
'Ug (t; X) = aZ (t)val;x (t' X) + b2 (t)’l?,i (t' X) + fZ (t' X, ui'vi, (ﬁui(t); (ﬁvi (t))'

u'(0,x) = ug(x),
vi(0,x) = vy(x),
We assume that the functions ay(t),a,(t), b1(t), b, (t), uy(x),ve(x) are real-valued,

XEEl, i= 1,2

defined in [0,T], Go ), E1 respectively and have all continuous derivatives occurring in the

following relation and satisfying it

pt2 K
a1 (©)1 + lax (O] + b (O] + b, e Z —Tn)| < C.
k=

Functions f; and f, are real-valued, defined and continuous for any values of their
arguments.For all t; € (0,T], u(t,x), v(t,x) € ZP*2([0,t,]) these functions as functions of the
variables (t, x) € G ,jare continuous and have continuous derivatives occurring in the relation

pt2

(=

j=0

fi(tx,u,v,0,(0), 0,(0)]| +

|_f2(tl x,u,v, (pu(t)f (pv(t)) ) < C(u: U).

Here Cisaconstantdependingon u, v.
Thedifferences ul(t, x) — u?(t,x) = U(t, x), v (t,x) — v?(t,x) = V(t, x)are a solution of
the system of equations
Ue(t, x) = ar () Uy (£, x) + by (U, (, %) + fi(t, 2, ul, 1, 51 (1), §1 (D)) —
—fi(t,x,u?,v?, 3,2 (1), 9,2 (1)),
Ve(t,x) = az(OVie (t, %) + bo (O)V, (&, %) + fo(, x, ul, 1, G2 (£), P (1)) —
—fo(t %, u?, v2, 2 (1), @2 (1)),
U,x)=0
7(0,x) =0,
Condition 1.Suppose that the functionsf;, fosuch thatvt, € (0,T], V ul(t,x), u?(t, x),

XEEl.

vi(t,x), v2(t,x) € Z¥(Gyo,,)). the following relation holds

filt,x,u' v, 0,0 (0, 8,1 () = fi(t X, 0, V2, 2 (), §,2 (D) =

_ ) 1

=w!'—u?)-F +ZZ<6 —~U
- ds ds

Ll 1 ) ol

G +kzlz(;(axsv (t,ar) Eprd (¢, ak)) Gics »

—u?(t, Ofk)) Fis+ @' —v?) -




f2(tx,ul, v1, 0,1 (), @1 (D) — fo(t, x,u?, V2, @2 (), @,2(1)) =

r P1
d d
= (u! —u?)-F? +ZZ (axss ul(t, ap) —a—;uz(t,ak))sz‘s + (vl —v?)-
2
Y (2

Condition 2.ThefunctionsF1, F o, G1, Gi o, F%, FZ, G2, Gi  where k = 1,7,s = 0,4,

z(t ak)) : Gl?,s :

areknownandsufficientlysmooth, dependont, x, ul(t, x), u?(t,x), vi(t,x), v3(t,x), @,1(t),

P,1(t), @,2(t), @,2(t) and have all continuous derivatives occurring in the following relation and

satisfying it
P1 .
d’
1 1 2
axJ F ‘ G a j G
j:
r P1 a’ o/ 9/ 9l , 3
+ZZ WF](:S dx ]Gks Ox ]st ax] Gk,s _Cr
k=1s=0

V(t,x) € Goy,]-
Cisaconstantindependentof U(t, x), V(t, x).

Undertheassumptionof the fulfiliment of the conditions 1, 2, it is proved thatU(t,x) =
0andV (¢, x) = 0inGpg,+.Thus the following theorem holds.

Theorem of the unigueness of the
solution.Ifthesolutionofthesystemofequations(1), (2)exists in the classz? (G[O,t*]), wherep >
max{p;, 2} + 2 > 4, then under the conditions 1, 2 it is unique in the classZ% (Gjo+1)-

Let us take the example of an inverse problem for a system of parabolic equations for which
the existence of the solution was investigated in [2].

Example.In the strip /7o) = {(t,x)| t € [0,T],x € E;} we consider that the problem of
finding real-valued functions U(t, x), V(t, x), g;(t),i = 1,2, satisfying the system of equations

Uy = Uy + b1 (OU? + b ()V + g1 (£)my (¢, %),
Ve = Vi + b1 (DU + by (D)V? + g, ()m,(t, x),

U(0,x) = Uy(x), V(0,x) = Vy(x), X € Ej. (4)
The solution satisfies the overdetermination condition

U0 =p(t), V(0 =p), te[0,T]
whereb;; (t), m; (¢, x), Uy (x), Vo (x), B;(t), i,j = 1,2 are given real-valued functions. Let the

(3)

consistency conditions be fulfilled

Uy (0) = p,(0), Vo (0) = B,(0).



Let the following condition be true
Im;(t,0)| =6 > 0, i=1,2, t € [0,T], 6 — const.
All input data are real-valued, sufficiently smooth and limited functions with their
derivatives in ITjg ry.
The problems(3), (4) are reduced to the auxiliary direct problem
U = Uy + b1 (D)U? + by (DV +

+my (6, )m7L (2, 0) (B1(8) = Uy (£,0) — by (DBE() — b2 (OV (£, 0)),
Vi = Vi + ba1 (DU + by (H)V? +

+my (6, 0)mz " (£, 0) (B2(6) = Vi (£,0) = by (DU (£, 0) = o (DF(®)),
U(0,x) = Uy(x), V(0,x) = Vy(x).
Differences W(t,x) = U;(t,x) — U,(t,x), Q(t,x) = V;(t,x) — V,(t,x) are a solution of
the problem
Wi = Wi + by (OW (U + U?) + byp ()Q + my (¢, x)mi (£, 0) (— Wiy (£, 0) — b2 (DQ(2, 0)),
Qc = Qux + b2t (OW + by (DQV + V) +my(t, 1)my (£, 0)(— Qe (8, 0) — boy (DWW (¢, 1)),
w(,x)=0, Q(0,x)=0.
Check the conditions of the Theorem
filtx, ULV, @y (0, 91 () = f1(t, x, U2, VE, Gy2 (1), §y2 (1)) =
=WU'-U? -F'+ (ULt 0) - UL(0) - Fl, + V1=V -6 +
+ (V1(t,0) + V2(t,0)) - Giy,
f2 (t; x, UL VY, @y (b)), oy (t)) -/ (t; x, U2, V2, @y (t), §y2 (t)) =
= (U'=U?-F2+ (U'(t,0) + U%(t,0)) - Ffo + (V! = V%) - G* +
+ (Vi (8,0) = VA (£,0)) - G5,
where
F1 = by (YU + U?),Fiy = —my(t, x)m{1(t,0), F? = byy, Ffy = —byym, (¢, x)m3 (¢, 0),
G! = by, G* = by (V! +V?), G11,0 = —b;,my (t, x)mi (¢, 0), 012,2 = —m,(t,x)m; (¢, 0)
are known, sufficiently smooth and limited functions.

The conditions 1, 2 of the Theorem of the uniqueness of the solution are fulfilled. Hence the

solutions of the problems(3), (4) are unique.
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HEKOTOPBIE CBOUCTBA OBIIEN AJITEBPANYECKOM ®YHKIINN
Yepenanckuii A.H.
Hayunbiii pykoBoaurteab npogeccop Hux A.K.

Cubupckuii ghedepanvhulii yHusepcumem

B camom KOHIe MpouUIOro CTOJETHUs OOHApPYKWIACh TECHAas CBA3b MEXIY TEOPHIMHU
anreOpandeckux u runepreomerpuueckux Gyakmmid [1],[2]. C momomisio uaeit cratbu ['opHa 00
00JIaCTSIX CXOIUMOCTH TUIIEPreOMEeTPHUUECKUX pAIoB U u3BecTHOM Teopempl KampanoBa ymanoch
NONYy4YUTh ASPQPEKTUBHYIO MapaMeTpU3aLUI0 JUIsI JAMCKPUMHHAHTHOIO MHOXKECTBa  OOIIen
anreOpandeckoit ¢yHkiuu. B [2] Obuta HamMedeHa cTpaTervs MCIOJIb30BAaHUS IapaMeTPU3aAlNH
JUCKPUMUHAHTHOTO MHOXKECTBA JJIsl ONMCAaHUS OO0]acTel CXOAMMOCTH CTENEHHBIX psZIOB,
NPEJCTABISAIONINX BETBH 00miell anreOpanveckoil ¢ynkunu. OCHOBHas 1Leidb HCCIEIOBAHUS
COCTOUT B pealTu3alluil YKa3aHHOW CTpATEerHy Ui PEUICHUs TeTPAaHOMHAIBHBIX YPAaBHEHHIA.

[Ton anrebpanueckoil (yHkmueil Mbl Oymem MOoHHMATh pemieHue ¥(ag, ..,a,)
o01ero anreOpandecKoro ypaBHEHUS
ag +ay +ay* +-+a, vy +a,y" =0 (1)

C KOMILUIEKCHBIMH MIEPEMEHHBIME KO3 dunnentamu a = (ay, ..., a,) . B cratbe bupkenanna

[3] 66110 3aMeUYeHO, YTO MBI BCET/1a MOYKEM CBECTH ypaBHeHue (1) k cremyroiemMy BHILY
@y ta;y+--+yP+tyi+ ot a, vy e,y =0, (2,,.)
nmyTeM (UKcaIuy TPOU3BOJIBHON Mapbl KO3 HHUITHEHTOB.

B [1] noka3aHo, 4T0O B OKPECTHOCTH TOukHu @y = 0, ..., [p], ..., [q]. ..., @,, = 0 510 ypaBHenue
orpenenser q—p AHATTUTHYECKUX peLeHHIHA, MPEJCTABISIEMbIX CIICAYIOIIMMHU

TUIIEPTeOMETPUYECKUMU PSAlaMU BUJIA

g BqeRiri ey ) Sla—
T((~(Bgk)+ D)/ (a=2)) %oa, s .. [p]..[q] ..a, . (3,,)

Zpennt (g—pdie! F(14+((B, k) +1)/ig—p))  ©

rie €= (—1)%F — nepBooOpa3Hblii kopeHb, a [, M [fp— HEKOTOpbIe BEKTOpa C
PAIMOHAIBHBIMA KOOPIMHATAMHU.

O6nactu cxogumoctu D, THIEpreoMeTpHuecKux psnoB (3,,) ObUIM ONMCAHBI B CTAaThSX

ot}
Topua [4] u Taccape-Iluxa [2] (cm. Taxxke [5]). OgHako MX pe3ynbTaT HeceT KOMOMHATOPHEI
XapaKTCp, MO3TOMY OCTACTCA aKTyaJIbHAAd 3a/lada OIIHMCAaHUSA O6HaCTeﬁ CXOOAUMOCTH B BHJC SABHBIX

(YHKIIMOHANBHBIX HEPABEHCTB HA MOIY/IU HEPEMEHHBIX Ay, -, [P, ..., [q], ..., @,,.



[TockoabKY CHHTYISIPHOCTH —alreOpandeckod (QYyHKIUH, ONPECICHHOW pelIcHUEM

ypaBHeHUs (2, ), ABISIOTCS MHOXKECTBOM HYyIel TMCKpUMUHAHTA A, ., ECTECTBEHHO 0XKUJATh, YTO

P>

HepaBeHCTBA Juisl oOmactei cxomumoct D, BeIpaXkaroTcs KakUM-TO 00pa3oM uepes
JTUCKPUMHHAHT.

Jns kyOudeckux ypaBHEHHMH HWjes pelieHHus Obuia MpOAEMOHCTpHpOBaHA B [2], oaHAKO

OBUTH JOMYIIEHBI OMMOKN B BBIYMCICHUU HEpaBeHCTB. Llens HacTosimelr paboThl COCTOUT B TOM,

9TOOBI PACHpOCTpaHUTh HaOmoJAeHWe B [2] Ha M1000€ TETPOHOMHAIBHOE YypaBHEHHE, T.C.
ypaBHEHHE BUJA

ag+ a;v'+ a,y™ +a,y* =0, (4)

KOTOPOE COJEPIKHUT TPU B3aMMHO IIPOCTHIX IEI0YHCIIEHHBIX ToKaszaTens 0 < I < m < n,

AHAJIOTHYHO YPaBHEHUIO (2,,) HMEETCS WIECTh NPUBEACHHMA ypaBHeHHs (4) Iyrem
¢ukcamu  aByx Kodpduimentor npu  Mouomax ¥ u y?.  CooTBETCTByIOHIME —pEIICHHS
IPHBEJICHHOTO YpaBHEHHUs OyayT nomydarbes U3 (3,,), monaras a; = 0 U1 BceX OTCYTCTBYIOIIHMX
MOHOMOB V.

IMonupi ananu3 obmacTed CXOAMMOCTH NPOBEAEH MU KaXaoro tuna obnacred D,, B
OT/IENILHOCTH. VICKIIIOUEHHsT COCTaBIAOT aBa ciydas: Dy w D, korma | — HedeTHoe, M —
HEYETHOE U T — yeTHoe. J[J1s HuX He yJaeTcst onucarh 00J1acTh CX0AuMOCTH. 11 BceX OCTalIbHBIX
CIy4aeB B CICAYIOLIEH TEOPEME PE3IOMHPYETCS OCHOBHBIE XapaKTEPUCTUKH oOmacted D,
O0o03HaUMM JIOMIOHUTENbHYIO Tapy KoddduuueHtoB uepe3 a, u a,. Torma copaBeanuBa
clenayromnas

Teopema. [nsa nwboii naper b.q €{0,1,m,n} obnacmv cxooumocmu D,, paoa,
npeocmasiawe20 peueHue NpueeoeHHo20 MmMempaHoMUaIbHO20 YPAGHEeHUs, 3a0aemcs Jaubo
OOHUM HEPABEHCMBOM 0OHO20 U3 CNLe0YVIOUie20 MUnoe

(eTEPNPIp | (£e5P|a,], £ Pla,]) S 0},
{E"'pq [_lﬂ’rl’_lﬂ’slj = ﬂ}’
AUOO 08YMS HEPABEHCMBAMU OOHO20 U3 CeOVIOWUX MUNO8
A, Pla.l, e Pla,l) =0, Ay, (la.l,—lal) = 0},
{&W (—fPla,l,—e*Pla.]) £ 0, A (7% |a,l, s7~%|a,]) = 0}
PaGota BeimonHeHa B pamkax rpanta [Ipesumenta PO mis moamepkku BeAyIIMX HAYyYHBIX

mkon Ne HIII-9149.2016.1.
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The work is devoted to an analytical consideration of the relationship between the
probability density of p(x) =dP(x)/dxand the probability distribution function P(x). As is known,
the probability density is widely used in almost all the fields of physics and technology.
Applications of the probability distribution functions are also very wide.The textbook example,

when p(x)as a Gauss function gave rise to P(x)as a special function: the Gauss error function:

(1) = e P = (1 +erf (C=5) M
X) = e 2o X) == er
P oV2m 2 V20?2
The following example is a continuous uniform distribution:
0 atx<a
—— ata<x<b _
p(X)=<b-a P(x) = z—a ata<x<b (2)
0 atx>a,x<b -a
1 atx>b

Also in physics, for the presentation of signals, the Dirac delta function as p(x) and its integral, the

Heaviside function, as P(x) are often used:

0 at x<0;
+oo at x=0;
X) = P(x) = at x=0:;
Px) {0 at x = 0. () % )
1 atx>0;

In 1953, Bloembergen and Rowland obtainedthe expression p(X)for the probability density
of detection of a spectral line in Nuclear Magnetic Resonance (NMR) of solids [1]. It is described
by a step function with the existence region[a, c]. Betweenaand cthere is a special point b, in
which p(x) tends to infinity, causing problems. Fora <b < ¢ the Bloembergen-Rowland function(4)

(BRf) has the form (Figure 1):



(0 atx<a

ata<x<h

4
)

atb<x<c

\0 atx>c

where K (e, ) is the complete elliptic integral of the first kind;

, u=(c—x)(b—a), v=(c—b)(x—a), ai=arcsin\/E.

p(x)

1

k=" k
u

u
v

a b ' ' ' (a
Figure 1 - Distribution of probability density (4)

Despite a lot of attempts [2, 3, 4] for BRf there was no P(x) thatgave rise to a large number

of unconvincing artificial methods of numerical integration in the divergence domain,without

integration. It was impossible to carry out even the normalization P(x) over the area.

As can be seen, the BRf has the properties of both (2) and (3). And naturally arises the
question whether it won’t be necessary to introduce a new special function (as in (1)). Note that the
use of modern means of computer mathematics (Wolfram Mathematica and MAPLE) helps with the
problem solving, but requires non-trivial approaches.For example, to get a simple result with
MAPLE, we had to complicate input.

As a result of the work, we obtained two equivalent analytical solutions for the integral of
the BRf (4). One is expressed in terms of an elliptic integral of the third kind and on the half-

2[(1’”)“[2:2;“‘]}_ ©)

interval a < x < b as follows:




(P, can be obtained in analogous way)

The second, the most compact solution, coincides with the one proposed earlier from intuitive

physical considerations in [3, 5] (Figure 2):

0 atx<a
1-Ay (o \ o) ata<x<b
P(x): %—%arcsin (%) atb=x (6)
Ay (0 \ ) atb<x<c
1 at x>c

where ¢, = arcsin /C_—X @, =arcsin ‘/x;a, the parameters o, and o, were introduced earlier and
c—a c—a
Ay(p\) ZE{K () E(go\%—aj—(K (a)- E(a)) F ((o\%—a]} [6].
T
It seems that solution (6) is more convenient for analytical considerations, while solution (5)

is for exact numerical calculations. Detailed calculations can be found in [7].

10
P(x)
08 -
06-
0.4+

0.2 1

0.0

a b - o
Figure 2 - Distribution of the probability (6)

The author expresses gratitude for the statement of the problem to the RAS academician
Bouznik V.M.
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