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Studying an operator equation Au = f in Hilbert spaces one usually needs the adjoint operator A* for
A. Solving the ill-posed Cauchy problem for Dirac type systems in the Lebesque spaces by an iteration
method we propose to construct the corresponding adjoint operator with the use of normally solvable mixed
problem for Helmholtz Equation. This leads to the description of necessary and sufficient solvability
conditions for the Cauchy Problem and formulae for its exact and approxrimate solutions.
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Many problems in applications of mathematics can be formulated on the language of Func-
tional Analysis as the study of operator equations of the first type in Hilbert spaces (cf. [1,2]).
Namely, let Hilbert spaces H; and Hs and a (continuous linear) map A : H; — Hs be fixed.
Then the problem is the following: given f € Hs find u € H; with Au = f. Though the problem
is usually ill-posed (see [1,2]), there are many approaches to it, for instance, fixed points method,
iteration methods, methods of bases with double orthogonality property, method of small param-
eter perturbation, etc. Regarding the Cauchy problem for elliptic systems we refer, for instance,
to [3-7]. Usually one needs the adjoint A* for A in the sense of Hilbert spaces in order to write
down proper solvability conditions. Then there are many possibilities to construct regularization
of the problem (i.e. a family of approximate solutions depending on a parameter and converging
to an exact solution if and only if a solution exists).

Dirac type operators naturally appear in many applications (see, for instance, [8,9]). These
include Cauchy-Riemann operator, gradient operator, operator Moisil-Teodorescu, stationary
Maxwell operator and so on. We propose to consider the ill-posed Cauchy problem for Dirac
type operators, see [7,22,23] in Lebesgue spaces. The Dirichlet problem for Helmholtz Equation
plays an essential role in the formulation of the Cauchy problem as an operator equation of the
first type in Hilbert spaces. Then we construct the corresponding adjoint operator with the use
of a normally solvable mixed problem for Helmholtz Equation (cf. [6] for elliptic operators in
Sobolev spaces where the Dirichlet Crack Problem for the Laplace equation was used instead).

1. Preliminaries
Let R™ be n-dimensional Eucledian space and C™ be n-dimensional complex space with points
being n-vectors z = (21, ..., 2,), where z; = z; + vV/—1zj1pn, j = 1,...,n, & = (1, ..., T2,) € R?"
n

and v/—1 being imaginary unit. Let A = )" a; e be a Dirac operator in R”, i.e., such a
j=1 Zj
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homogeneous first order matrix differential operator with constant coefficients that

Z Z a;amfjﬁm = |£‘21k for all 5 c Rn; (1)

j=1m=1

here a; are (I x k)-matrices of complex numbers, a} = @ are their adjoint matrices and I

is the identity (k x k)-matrix. In particular, the symbol o(A4)(§) = > a;&; is injective as
j=1

the map from CF to C! for all £ € R™\ {0}, i.e. [ > k. We say that A is elliptic if [ =

and overdetermined elliptic if [ > k. Denote A* and AT the formally adjoint and transposed
0 0

operators for A respectively: A* = — Z aj —— and AT = — Z aj . Then A*A = —AlI
8$J j=1 81’]

2

W

where A = Z is the Laplace operator in R™.

d
Typical elliptic Dirac operators are the derivative operator e in R and the (doubled) Cauchy-
x

0
Riemann operator 2— = —— 4+ /—1—— in C. Typical overdetermined Dirac operators are

0z 8931
0 8

81'1 T axn
9 a\"

—_— e — in C" and the stationary Maxwell system M =
821 8Zn >

— (rot,diV)T in R3. For Dirac operators on manifolds and in the Quantum Physics see, for
instance, [8,9]. Our approach is also fit on a manifold but this lead to a mixed problem for more
complicated second order elliptic operator.

Let D be a bounded domain (i.e. open connected set) in R”, and let D be its closure. We
always assume that the boundary 9D of D is of class C*°. As usual we denote by D(D) the space
of all the smooth functions with compact supports in D and by D’(D) the space of distributions
over D. Besides, let C°°(D) stand for the set of smooth functions in D with any derivative
extending continuously to D and C°(D) stand for the set of functions vanishing on a closed
subset o C D.

Let E = R™ x C* be the trivial k-vector bundle. The set of all k-vector functions over domain
D with the components from a functional space G(D) will be denoted by &(D, E).

It is known (see, for instance, [12]) that A induces a differential compatibility complex:

T
the gradient operator V = — ( ) in R", the (doubled) multi-dimensional Cauchy-

Riemann system 20 = —2(

0 — C=(Ey) 2% 0% (B)) A5 0=(By) 22 .. Y5 0=(Ey) — 0 (2)
where A; are differential operators with constsant coefficients, A = A and A;4; 0 A; = 0;

here E; = R" x CFi are trivial vector bundles of ranks k; (of course, kg = k, k; = ). From
now on we assume that complex (2) is elliptic and orders of all the operators equal to one, i.e.
A; = j;l ay) £ + aél) where ay) are (k;;1 X k;)-matrices of complex numbers. It is true in
many cases, though it is not known to be true in general.

For instance, if A = V then the corresponding sequence is de Rham complex with E; = A’
(0 < i < n) being the set of all the exterior differential forms of degree ¢ in R™ and A; = d;
being exterior derivatives for the forms. Similarly, if A = 20 then the corresponding sequence is
Dolbeault complex with E; = A(%9) (0 < i < n) being the set of all the complex exterior forms
of bi-degree (0,i) in C™ and A; = 9; be the (graduated) Cauchy-Riemann operator extended to
the differential forms. Obviously, if [ = k then Fy = F; and A; =0 for all 7 > 1.
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We write L?(D) for the Hilbert space of all the measurable functions in D with a finite norm
s V)L = v . i
(u,v)2(py = [p w(z)v(z) dx. Then the Hermitian form

(u,v)r2(D,By) = /Dv*(x)u(x) dx
defines the Hilbert structure on L?(D, E;). We also denote H*(D) the Sobolev space of all the
distributions over D, whose weak derivatives up to the order s € N belong to L?(D). The closures
of D(D) and C5%,(D) in H*(D) will be denoted by Hi(D) and Hj (D) respectively; for s = 1
these spaces coincide.

For non-integer positive s € R, we define Sobolev spaces H® with the use of the standard
interpolation procedure (see [14] or [5, §1.4.11]). It is known (see, for instance, [14]) that functions
of H*(D), s € N, have traces on 9D of class H*~'/2(9D) and the corresponding trace operator
is continuous. We will use Sobolev spaces of fractional smoothness for boundary data only.

Sobolev spaces of negative smoothness may be defined in many different ways (see [15],
[16]). We follow [16] and consider Sobolev spaces H (D) and H(D,|-|_s), s € Ry, being the
completions of C°°(D) with respect to the norms

. |(U7¢)L2(D)\ . |(U7¢)L2(D)\
lullgr-spy = sup —————, |ul-sp= sup —o——
pec=o) I9llm=(0) $€Cs3, (D) @1 £+ (D)

Easily, H=*(D,E) C H(D,| - |-s,E). These spaces are the strong duals for H*(D, E) and
H},(D, E) correspondingly with respect to L?(D, E)-pairing (-, ) p. Namely,

<ua ¢>D = VILH;O(UDad))LQ(D,E)v AS HiS(D7E)a OBS HS(DaE)a

where {u,} C C*°(D, E) is a sequence approximating u in H—*(D, E) (see [15] or [5, Theorem
1.4.28]). Easily, the pairing does not depend on the choice of the approximating sequence {u, }
and

[(u, &) p| < lullr-+(p,p) |9l = (D,E) for allu € H*(D, E),¢ € H*(D, E). 3)

Of course, we can do the similar procedure for the pair H(D, |- |_s, E) and Hj (D, E). Clearly,
as 0(0D) = 0 then we have H(OD,|-|-s, E) = H *(0D, E).

For a generalized vector function u € D'(D, E) we always consider Au in the sense of distri-
butions. Thus, Au € D'(D, E}) is a vector-distribution over D. However there are no reasons
for it being an element of L?(D, E1) if u € L?(D, E). We denote by H(D) the so called strong
extension of the differential operator A, i.e. the closure of C°°(D, E) with respect to the graph
norm

lulla,p = ([ulZ2(p,m) + | AullTz(p,my) ">
According to [13] this space coincides with the weak extension of the differential operator A, i.e.
with the set of vector functions from L%(D, E) with Au € L?(D, E1). Of course, it is a Hilbert
space with the scalar product

(u,v)a,p = (u,v)p2(p,E) + (Au, Av)12(D By)-

Thus, the differential operator A induces a bounded linear operator A : Ha(D) — L?*(D, Ey)
with [|A|| < 1. Clearly, ||lulla,p < Callullgi(p,g) for all w € H'(D, E) with a positive constant
C4 being independent on u. It is worth to mention that, due to ellipticity of A and Garding
inequality (see, for instance, [16]), the closure of D(D, E) in H(D) coincides with H}(D, E).
Of course, Hy (D) = H'(D), however, H,5(D) # H' (D) since the space H,5(D) contains all the
holomorphic L?(D)-functions. In any case, H4(D) C H. (D, E) because of the ellipticity of A.

loc
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As A;11 0 A; = 0 we easily see that the differential operator A; induces a bounded linear
operator A; : Hy, (D) — Hpy,, (D). Moreover, we easily obtain a complex of such operators

AN1

0 — Ha,(D, Eo) 2% Hy, (D, Ey) 25 Hy, (D, Ey) 22 .. L*(D,Ex) — 0.

However it is not true that Ha,(D) C H}, (D, E;) for i > 1.

2. Traces on the Boundary

In order to formulate properly the Cauchy problem for A we need first to clarify what is
the space of traces on 9D for elements of H4(D). With this aim we denote by p the defining
function of the domain D, i.e. p € C*, [Vp| # 0 on D and D = {z € R" : p(z) < 0}. Then
the following Green formula holds true for v € C*°(D, E), g € C*(D, E):

a“) o
|Vp| O

(Aju, g)L2(D,Ei+1) (u, A7 g) L2(D,E;) Z/ g% ( = (z)u(x) ds(z). (4)

Set o
_ B n ajz ap | B
T’L(u) - ; |vp| 837] U, Vz—l(g) -

T = ﬂi—l o 7~'1 Then T0 = Ik

Lemma 1. For every u € Ha(D) there is a weak trace o(u) € H-'/2(0D, E), i.e

(Au, ) r2(p, By — (U, AY) 2D, ) = (To(u), Do (¥))ap for all ¢ € C>(D, Ey).

Proof. Follows from |7, Lemma 1.1]. O

According to 7, Lemma 1.2] the subspace of elements in H 4 (D) having zero traces coincides
with H{ (D, E). Therefore in [7] the space of traces on 9D for elements from H 4 (D) was defined
HI;?)EI?;)' Of course, Lemma 1 allows to identify it within H~Y/2(dD, E)
but we will do it more precisely. Indeed, as we have seen above, if A =V then H4(D) = H'(D),
i.e. in this case 10(u) € HY/?(9D). This observation, combined with Lemma 1, leads us to the
following definition. For v € C*° (9D, E), set

as the factor space

[ollaon = sup |(U,l70(w))L2(6D,E)|.
7 C>=(D,E1)39%#0 ||¢||A*’D

Lemma 2. The functional ||-||a,0p defines a norm on C*(9D, E). Moreover, there are positive
constants c1, co such that

clvllg-120p,8) < [[vllaop < c2l|vllmi/20p,5) for allv e C=(9D, E).
In particular, the norms | - [[v,op and || - | g1/29p) are equivalent.

Proof. By the definition, the functional || - ||4,6p is non-negative. It is easy to see that
[v1 +v2l[a,00 < |lvillaep + [|v2]la,6p for all vi,vs € C™(D, E),

lav||a,op = |a|||v]|a,6p for all v € C°(D, E), a € C.
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In particular, ||0]|4,6p = 0. Let now ||v]|a,0p = 0. Then
(v, 20(¥)) 290,y = 0 for all ¢ € C=(D, Ey). (5)
Now, given ug, h, consider Dirichlet problem for the Helmholtz operator in D C R™:

a>u—Au = h in D,
u = wug on 0D,

(6)

where a € R. The problem (6) is uniquely solvable on the Sobolev scale H*(D), s € Z,, and its
solution is given by the Poisson type formula

u = Ppato+ Gp.ah

for data uw € H*~Y/2(9D) and f € H*"2(D) (s = 2) or f € H(D,| - |s—2) (s < 1) where Gp , is
the Green function of the Dirichlet Problem and Pp , the corresponding Poisson type integral.
The integral operators are bounded in the Sobolev spaces:

Pp.a: HVY2(D) — H*(D), secl,

Gpa:H"3D)— H*(D)(s>2), Gpa:H(D,| |s—2)— H(D)(s<1)

(see, for instance, [16], [17, Theorem 2.26]). In particular, Pp ¢ is the classical Poisson integral
of the Dirichlet Problem for the Laplace operator.

nooa; 0O
Then for every v € C*>°(9D, E) the vector-function g, = Ppo | D 4 2P, belongs to
i=1 1Vl 0z;
C>(D, Ey) and, due to (1), satisfies

7(gv) =v on 0D, |lgollzr(p,E) < C vllm20D,8)
with a constant C' > 0 being independent on v. Therefore (5) implies, with ¢ = g,,
/ v*(x)v(x)ds(x) = 0,
oD

i.e. v=0o0n dD.
Further,

¢ (2)o(x)ds(c)
ol s2omm — sup Ho2 |
o0 Bl a2,k

oy Mo (90" @ (@)is(@)] gola.o
$#0 lg4lla=,0 ||¢||H1/2(BD,E)
9o ||HY(D,E
< [[v]|a,60Ca+ sup ”(15”7(1) < Cu+C|v||la0p,

$#0 H¢||H1/2(8D7E)
ie. c; = (Ca-C)~ L
On the other hand, by Green formula (4),

|(APp,o(v),¥) r2(p.E) — (Ppo(v), A"Y) 12D, )| <
A*.D

||U\ A0D = sup

C>=(D,E1)39%#0 9]

<|Pp.o@)a,p <[Ppo)lla(p,p) < c2llvllgi2op,5)

where positive constant ¢ does not depend on v because the Dirichlet Problem (6) is normally
solvable on the Sobolev scale.
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Finally, taking ¢ = VPp 1(v) and using Green formula (4) we obtain:

[(VPD,1(v), VPp1(v))r2(D,E1) + (Pp,1(v), APp1(v))2(p)| _
IVPp,1(v)llv~p

[vlv.op >

= Pp1()la(p) = esllmo(Ppa(0)llmrzop) = esllvllmzan)
with a positive constant c3 being independent on v because the trace operator 7o : H(D) —
H'/2(0D) is continuous. ]
The completion of C*°(0D, E') with respect to || - || 4,50 we denote B4(9D).

Theorem 1. The trace operator 7o continuously maps Ha(D) onto BA(9D). In particular, for
each v € B4(0D) the vector Pp 1(v) belongs to Ha(D), satisfies 7o(Pp,1(v)) =v on 0D and

1Pp,1(v)||a,p = ||v]la,ep for all v € BA(OD).

Proof. Indeed, for every u € C*°(D, E) we obtain with the use of Green formula (4)

|(Au, ) 12(p,1) — (U, A*Y) 12(D ) |
[[70(u)lla,00 = sup
€ (D,E1)3$+#0 [ llax,p

< Jlul|a,p- (7)

Therefore for each u € Ha(D) we may define the trace as the limit 79(u) := lim, o 70(u,) in

the space Ba(0D) where {u,} C C>°(D, E) is a sequence approximating u in Ha(D). Estimate

(7) implies that the operator 7o : H4(D) — B4(9D), defined in this way, is linear and bounded.
Further, for each v € C*°(0D, E) we have 79(Pp,1(v)) = v on 0D and

}(APDJ(U)’ APD,l(U))LZ(D,El) + (PD,l(U)a A77[),1(1/))1:2(D,E)|
A8D =2 = Pp.1(v)]
1APD 1 (v)]la-p
Combining with (7) we easily obtain that ||Pp1(v)||la,p = ||v|la,ep for all v € C*(dD,E).
Finally, if v € Ba(9D) and {v,} C C*(JD, E) is a sequence approximating v in B4(0D) then
the sequence {Pp 1(v,)} C C>®(D, E) is fundamental in H4(D). Hence it converges to a vector
function w € H4(D) and, by the very definition of the trace, 7o(w) = v. Clearly, we may
interpret w as Pp.1(v) in the sense of the strong extension of the operator Pp 1. O
Ha(D

Corollary 1. The Poisson type integral Pp 1 induces an isomorphism Ba(0D) = m
0 )

[

A,D-

Besides, Theorem 1 implies that H'/2(0D, F) C B4(0D) ¢ H-'/?(dD, E).

3. The Cauchy Problem

In order to study the Cauchy problem we need one more type of boundary spaces. Let
I' be an open (in the topology of dD) connected set of dD. Denote by H4 (D) the closure
of CF (D,E) in Ha(D). Then the differential operator A induces a bounded linear operator
Ar : HA,F(D) — L2(D,E1) with ||AI‘H < 1.

According to |7, Lemma 1.2, Ha (D) C HL (D UT, E). Moreover, [7, Theorem 1.4] states

that H4 r(D) coincides with the set of elements in H 4 (D) having zero traces on I, i.e. satisfying
(Au, 9)r2(p,By) — (W, A*g)r2(p, gy = 0 for all g € C*°(D, Ey) with #(g) =0 on D\ T.

Following [7], it is natural to define the space of traces on I for elements from H 4 (D) as the
Hu(D
factor space HA((D)' However, similar to the situation I' = 9D above, we want to characterize
AT

this space rather in terms of boundary functions.
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With this aim we define B4 r(9D) as the closure of C2°(9D, E) in B4(0D). Then let Ba(I')

be the factor space of B4(0D) over B r(9D). It is well-known that B4(T') is a normed space.
By the very definition every its element extends from I" up to an element of B4(9D).

Remark 1. Theorem 1 imply that the norm ||-|| 4,00 satisfy the parallelogram identity and hence
it is a Hilbert space (with the standard scalar product coherent with the norm). This means that
Ba(T) is actually the orthogonal complement of Bar(0D) within B4(dD). Then for every
ug € Ba(T) there is a canonical representative tig € Ba(0D) satisfying ||tol|a.0p = lwoll 4 -

— HA(D
Corollary 2. The Poisson type integral Pp 1 induces an isomorphism B (I") = HA((Dg)'
AT

Proof. Indeed, it follows from properties of the Poisson type integral Pp ; that for every v €
_ Pp,1 D
CZ (0D, E) we have Pp,1(v) € C2°(D, E). Then Theorem 1 implies Ba,r(0D) = Héq(g(,E))'

Finally, the desired statement follows from Corollary 1. O
In particular, it follows from Corollary 1 that there is correctly defined continuous linear trace

operator 7o : Ha(D) — B4(T") and we can easily formulate the Cauchy problem.
Problem 1. Given g € Ha, (D) and ug € BA(T) find w € H(D) with

Aw =g in D,
Tor(v) =ug on T,

i.e.
(w, A*9) = (g,%) — (uo, %(¥))op for all b € C(D, Ey) with (1)) =0 on 0D\ T. (8)

Since the time of Hadamard [18] this problem is known to be ill-posed. If " # @ then it has no
more than one solution, see, for instance, [5, theorem 10.3.5]. It was actively studied for various
types of Dirac operators in various functional spaces [3,19-24].

We want to reduce Problem 1 to an operator equation of first type in Hilbert spaces. However
Theorem 1 implies that Problem 1 can be easily reduced to the following one.

Problem 2. Given f € Ha, (D) find u € Ha (D) with Aru = f.

Obviously, the reduction of Problem 1 to Problem 2 can be made via

f=h—APpi(l), u=w—"Pp(do),

where @y € B4(0D) is the canonical representative from the class ug € B4 (T).

In order to obtain solvabilty conditions for Problem 2 we denote by Af the adjoint for Ap
in the sense of Hilbert spaces. Let also Hr(D) be the closed subspace in H 4, (D) consisting of
elements h satisfying A*h =01in D, 79(h) =0 on 0D\ T, i.e

(h7A¢)L2(D,E1) = O fOI' all ¢ S C%O(E, E),
and Aih=0in D, 4(h) =0onT, ie.
(haAT¢)L2(D,E1) = 0 for all ’(/J € CgoD\l—\(b7 EQ)

Recall that the adjoint operator for A is a bounded linear map A} : Ha, (D) — Har(D)
satisfying

(Au, 9)12(p,py) = (Au, AATg)12(D ) + (U, AT9) L2(p,E) for all u € Haop(D), g € Ha, (D). (9)

- 223 —



Alexander A.Shlapunov Boundary Problems for Helmholtz Equation and the Cauchy Problem ...

Theorem 2. Problem 2 is solvable if and only if 1) A1f = 0 in D, 7i(f) = 0 on T; 2)
(f,h)r2p,pyy = 0 for all h € Hr(D); 3) the series u(f) = > (I — ArAr)"Arf converges

in the space Ha(D). Moreover, under conditions 1)-3), the series_u(f) is the unique solution to
Problem 2.

Proof. According to [7, Lemma 2.4] the space Hr (D) coincides with kernel of the operator
Af. Then the desired statement follows from [26, Corollary 2.10] because ||Af|| = ||Ar|| < 1. O
Thus, solving Problem 2 we need to identify the operator Af.

4. Mixed Problems for Helmholtz Equation

In order to identify Afg we note that (since C’%’(ﬁ, E) C Hs(D)) equation (9) can be
interpreted as a mixed problem for Helmholtz type equation:

Afg — AL (Afg) = A*g in D,
T0(Afg) =0 on T, (10)
o(A(Afg) —g) =0 on OD\T.

We consider a little different type of problems with a parameter a € R.

Problem 3. Given triple (h,ug,u1) of vector-distributions find a vector-distribution w such that
in a proper sense
a?w—Alyw="h in D,

To(w) = ug on T,
Do(Aw) = uy on OD\T.
This type of problems are usually called Zaremba Problems (cf. [27], [28] for A = V; in this
case Up(Aw) = a—w is the normal derivative with respect to D). However, Problem 3 could be
v

ill-posed for a = 0 (cf. [7] regarding the case A = 20). An Existence and Uniqueness Theorem
in the space H4(D) N HE (D UT) was obtained for such type of problems in |7, Theorem 3.2
for natural but rather disappointing class of regular data h € L*(D, E), ug € H3*(I', E), u; €
HY?(0D\T,E) if a # 0.

Working with a Dirac operator A = 20 one easily can see that in this case 7y o A coincides
with the complex normal derivative 0, and the trace 7(Aw) exists on 9D for w € H*(D) if and
only if Aw € H=(D), while, in general, Aw € H(D,|-|_1) (see, for instance, [24,25]). We seek
for a solution to Problem 3 even in a worse than H!(D, E) class Ha(D). However Theorem 1
allows us to indicate the right classes for the data-triples and for the solution in the formulation
of Problem 3. With this aim we will use more negative norms. Namely, set

||U|| ) - sup ‘(uv¢)L2(D,E)|
H7;Y (D) —
ar(®) $€C(D,E) ||¢||A,D

The completion of C°°(D, E) with respect to the norm ||u||H;1F(D) will be denoted by H;}F(D).

Again, similar pairing (-, -) p may be defined for pairs (u,v) € HX}F(D)EBHAI(D). Then Hg’lr(D)
is naturally embedded to the strong dual (H4 (D))" for Har(D) keeping in the mind the
corresponding L?(D, E)-pairing (cf. (3)). As the norm || - || g1 (p, gy is not weaker than the norm

|-l 4,0, there is a positive constant C' with ||u[|z(p,|.|_,,p) < C||uHH21 (p) for all uw € C>(D,E).
’ T
Then H (D) C H(D,| |1, E).
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Similarly, for v € C*°(0D, E), we set

B [, 0)1200,m)|
lllp5op\ey = sup 1]
C(D,E)>¢7#0 AD

/1}7 .
It follows from Theorem 1 that in fact ||v||B;1(aD\F) = sup M. For this

cxD,E)3y£0  [VllBAoD)
reason the completion of C*° (9D, E) with respect to |- ||BZI (op\ry Will be denoted by B, (0D\T).
Again, B;'(0D \T) is naturally embedded to the strong dual (H4 (D))’ for Ha (D) keeping
in the mind the corresponding L?(dD, E)-pairing (cf. (3)).
Now we are ready to introduce the right spaces for solving Problem 3. We denote Ha r a(D)
and Ha ,04(D) the completions of C°°(D, F) with respect to the norms

lwllara = /Tol 5+ 1@ =LAl . wllarsea = fTold 5+ AR o)

correspondingly.

Theorem 3. The linear spaces Har a(D) and Har poa(D) coincide and their norms are
equivalent. Besides, an element w € Ha(D) belongs to the space Har a(D) if and only if
(a® — IA)w € H (D).

Proof. The first part of the statement immediately follows from the Green formula
(vaAu)L2(D,E1) + a2(wvu)L2(D,E) = ((GZ — IA)w, U)L?(D,E) - (I;O(Aw)vu)L%BD,E) (11)

being true for all w € C*°(D, E), u € C>*(D, E).

Further, by the definition, (a? — IzA)w € H, (D) if w € Har a(D). The proof of the
converse statement is similar to that of [24, Corollary 2|. Namely, if w € Ha(D) and the
vector h = (a® — I;A)w belongs to Hg’lp(D) C H(D,| - |-1,F) then according to [16] (cf.
also [17, Theorem 2.26] and the proof of Theorem 1) we have w = G, ph + P, pw, where
’Pa’Dw € HA7F7A(D) and ga,Dh S H&(D,E)

Fix now a sequence {h,} C C>°(D, E), approximating h in the space H;} (D). Then, Green
formula (11) imply, for u € C=(D, E),

(70(AGa,ph), ) 120D, ) = (huy ) r2(p, 5y~ (AGa, phu, AW) 12(p, 5y )+ 0% (Ga, DI, W) £2(p By (12)
As the operator G, p : H(D,|-|-1,E) — H(D) is bounded we see that
gll)% ||ga,DhV - ga,DhHA,D =0. (13)

Therefore (12), (13) yield that the sequence {Po(AG, ph,} C C*(0D,E) is fundamental in
the space B, (0D \ I'). Hence the sequence {G, ph,} C C>(D,E) converges in the space
Har.v04(D) which coincides with the space Ha r a(D) according to the already proved part of
the theorem. m|

Using Green formulae, it is easy to see that, for a triple (h,ug,u1) € HZI(D) ® Ba(T) ®
B;'(0D\T), Problem 3 in the space Ha r a(D) can be interpreted in the following weak sense:

(vaw)LQ(D,El) — (’LU,A*QZJ)LQ(D’E) = <UO,D()(’(/))>3D for all ’lﬂ S COO(E, E>7 ﬁo(’lﬂ) =0on 0D \ F,
(14)

(Aw, Ad)r2(p,E,) + a*(w, @) r2(p.py = (h,¢)p — (w1, )op for all ¢ € C=(D,E). (15)
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Corollary 3. Let a # 0. Then for every triple (h,ug,u1) € Hy'(D) ® Ba(T) @ B;'(0D\T)
there is a unique solution w € Hap a(D) to Problem 3 in the weak sense of (14) and (15).
Moreover, there are positive constants c1, ca, c3 such that

[wllar.a <clulp, @ + c2llurllgsr ooy + C3||hHH;1F(D) (16)

Proof. Indeed, fix the canonical representative iig € Ba(0D) of the datum ug € B4 (T). Then
the potential Pp ,(@g) belongs to Ha op a(D) C Har a(D) and it coincides with ug on 9D (see
Theorem 1). Hence, because of Theorem 3, there is a trace D9(APp q(lo)) = v1 belonging to
B, (D \T). Therefore mixed problem (14) and (15) is equivalent to finding u € Har a(D)
satisfying

(AuaA¢)L2(D,E1) =+ 02(% ¢)L2(D,E) = (h,¢)p — (u1 —v1,¢)ap for all ¢ € C%o (57 E). (17)

Of course w = u + Pp o(to).

If a # 0 then the Hermitian form (A, Av)r2(p.g,) + a?®(u, v)12(p,p) induces a scalar product
on the space H (D) and the corresponding norm is equivalent to the original one.

Further, by the very construction, the right hand side of (17) defines a bounded linear func-
tional on H4 (D). Now Riesz Theorem on the general form of a continuous linear functional
on Hilbert spaces guarantees the existence of a unique element u € H4 (D) satisfying (17). In
particular, (17) implies (a® — I;A)u = h € Har a(D) and, using Theorem 3, we conclude that
u actually belongs to Ha r a(D).

Finally, estimate (16) follows from Banach Theorem on the inverse operator. a

Remark 2. Note that the right hand side in (15) can be replaced by F(v) with an arbitrary
continuous linear functional F € (Ha(D))'. Then again Riesz Theorem guarantees a unique
solution w € Ha(D) to Problem 3 in the weak sense of (14) and (15) if a # 0. However the
element w may have no boundary values of Uo(Aw) in the sense of distributions over 9D\ T (cf.
(10) where we do not claim that the trace vo(A(Afg)) on OD\T exists).

Remark 3. We also note that, though Problem 3 is Fredholm (according to Corollary 3), it
is not an Elliptic Boundary Problem in the sense of Lopatinski because the Dirichlet boundary

system (7o, o A) is not coercive in general. Of course, it is coercive if A=V but it is not the
case for A = 20.

The advantage of using Mixed Problem 3 is the following. One may follow the classic approach
to Fredholm Boundary Problems and construct the Green function of the problem, say, ®r. As
usual Or(z,y) = ®(z,y) — v(z,y), where ®(x,y) is the bilateral fundamental solution of the
Helmholtz operator a? — A and the rest y(z, %) is the solution to the mixed problem

CL2’}/(CE, ) - AIk’Y(x7 ) =0 in Du
T0(y(x,)) = ®(z, ) on I,
Po(Ax (2, ) = 70(AB(z,7)) on OD\T.
with the smooth data dependent on the parameter x € D (see [7] for solving). It is only left to

say that the fundamental solution ®(z,y) may be taken as b(|z — y|) where b(r) is the solution
to the famous ordinary differential Bessel type equation:

<<r£>2 +(n—2) <T(§r> - a2r2> b(r) =0

which is unbounded at the origin if n > 2 (see [7] and [29, Ch. 7, §2]); in particular b(r) =
e—lear
4mr

The research was supported by grants Federal Agency of FEducation "The Development of
Science Potential of High School” 2.1.1/4620 and NSH-7347.2010.1.

for n = 3. Obviously, b(r) = e=V=1%" for n = 1.
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I'parngnable 3ajiaun aJisd ypaBHeHHd l'ejilbMroJibia M 3aaadva
Komm gy onmeparopos /lupaka

A.A.IMlnanynos

IIpu usyyenuu onepamoprozo ypaskwenus Au = f 6 npocmparncmear lusvbepma 0b6viuro mpebyemcs
anamv conpasicennwiti A* onepamop daa A. Pewas nexoppexmmuyio 3adavwy Kowu das onepamopos mu-
na Jupaxa 6 npocmpancmear Jlebeza 00HUM UMEPAUUOHHBIM MEMOOOM, MbL NPEOAG2AEM NOCTPOUMD
COOMBEMCMBYIOULUL CONPANCEHHBIT ONEPAMOD NPU NOMOUL HOPMAABHO PA3PEUUMOT, CMEUAHHOT 360a-
yu das ypasnenus Ieavmzonvua. Imo eedem x onucanuro ycaosutl pazpewsumocmu 3adavwu Kowu u %
NOCMPOEHUIO ee MOYH020 U NPUBAUNCENHBIT PEULEHU.

Kamouesvie caosa: emewarnnas 3adaqa, ypasrenue Ieavmzorvya, onepamopos JJupaka, Hexoppexmuas 3a-
daua Kowu.

— 228 —



