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A bidiogonal act over a semigroup is a two-sided act, where the semigroup acts on its Cartesian power.
A bidiagonal rank of a semigroup is the least power of a generating set of the bidiagonal act over this

semigroup. In this paper we compute bidiagonal ranks of completely (0-)simple semigroups.
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A right act over a semigroup S is a set X with a map X x S — X, (x,s) — zs satisfying
(xs)s’ = x(ss’) for all x € X, 5,8’ € S (see [1]). A left S-act'Y over the semigroup S is defined
analogously: S xY —= Y, (s,y) — sy, s(s'y) = (ss')y for all s,s" € S, y € Y. Let S,T be
semigroups. A set Z is called an (S,T)-act (bi-act over S and T), if it is a left S-act and a right
T-act at the same time and (sz)t = s(zt) for all z € Z, s € S, t € T. The right S-act X, left
S-act Y and (S, T)-bi-act Z may be denoted by Xg, sY, and sZr.

A generating set G of the act (S x S§)g is called irreducible if none of its subsets G’ C G is
a generating set of this act. Clearly, any finite generating set may be reduced to an irreducible
one. A generating set is called minimal if it is minimal with respect to power.

Note that a diagonal act over a semigroup is a unary algebra. Indeed, if S is a semigroup,
then multiplication by s € S may be thought as applying unary operation ¢s : z — zs, where
x € S. Therefore, the following theorem is applicable to diagonal acts.

Theorem 1 (Kartashov, [2], Theorem 1). Let A be an algebra with signature ¥ = {¢; | i € I},
where all operations p; are unary. If A is finitely generated, then any irreducible generating set
of A is minimal.

Let S be a semigroup. A right diagonal rank of S (denoted by rdr S) is called the least power
of generating sets of the diagonal rigth act of S, or

rdr S =min {|A| | AC S xS A AST =S x 5}.

A bidiagonal rank bdr S of S is defined in a similar way.

Diagonal acts were used in [3,4] to study conditions of wreath products to be finitely gener-
ated. Diagonal acts themselves became a subject of study in [5-7] and others. In these papers
the prime problem were conditions of finite generateness of infinite diagonal acts. The notion
of diagonal rank was explicitly formulated in the paper [8]. In the paper [9] one-sided diagonal
ranks of completely (0-)simple semigroups were calculated. In this paper we continue the study
of diagonal ranks of semigroups and calculate bidiagonal ranks of completely (0-)simple semi-
groups. For completeness we cite the prime results of [9] concerned with completely (0-)simple
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semigroups. These theorems may be proven using reasoning similar to the one in the presented
theorems.

Theorem 2 ( [9], Theorem 2). Let S be a Rees matriz semigroup with sandwich-matriz P:
S = M(G,I,A,P). Then the right diagonal rank of S equals |I|?G, if A is singleton and
[T12|G]?A (A — 1) otherwise.

Theorem 3 ( [9], Theorem 3). Let S be a Rees matriz semigroup with zero: S = M% (G, I, A, P).
Let |[I| =k, |G| =t, |Al =1. If1 > 2 then:

o if there are no zeros in P, then rdr S = k?t? (l2 — l) + 2k;

e if there are zeros in P, but there is no column with two or more nonzero elements, then
rdr S = k2% (12 = 1) + k2¢;

e otherwise, rdr S = k2 (12 — l).
If I =1, then rdr S = kt + 2k.

The following theorems are the body of this paper. As in the case of one-sided ranks, bidi-
agonal ranks of completely (0-)simple semigroups depend on sandwich-matrices insignificantly.

Theorem 4. Let S be a completely simple semigroup: S = M (G, I, A, P), where G is a group
of t elements and f conjugacy classes, I and A are index sets of k and [ elements correspondingly
and P is a sandwich-matriz. Then

o ifk,l#1, thenbdrS = t2(l — 1)k(k —1);
e ifk=1,1#1, then bdrS =tl(l —1);

o ifl=1k+#1, then bdr S = tk(k —1);

o ifl=1,k=1, thenbdrS = f.

Proof. Let k,l > 1, M = {((x)il/\l,(y)iZ)\?) | i1 # i, A1 # /\2}. We prove that M is an irre-
ducible generating set of g (S x S)g. Indeed, from

4 (a)i)\ ((x)h)q a(y)i2>\2) = ((alex)Ml ’(apAhy)iAz) )

(@)in s @igny) @ix = ((@Pa1ib)i, x> UPAiD)i,0) »

we see that pairs from M cannot be obtained from any other pairs using one-sided or two-sided
multiplication. Therefore, M is a subset of any generating set.

Now we prove that M itself is a generating set. A pair of a kind ((u>jw , (U)jzu)’ where
j1 # j2, may be obtained from M in the following way. Take A1 # Ao € A and any ¢ € I. Then

—1 -1 —1
((l)h)\l ) (Uu p/\1ip)\2i)j2)\2> (pkliu)m = <(u)j1M7 ’ (U)jzu) ’
In a similar way we may get pairs of a kind ((u)v\1 , (v)v\z), where \; # Ag.

Pairs of a kind ((u)ju , (v)jﬂ> are obtained by multiplying the pair

((pxllizup;;u)ifz)\g ) (p;11i3vp;31i4)i3)\3)

by elements (1)],\1 and (1)1-4“. Here iy # i3, and Ay # A3. These pairs are in M and M is a
generating set. Hence, bdr S = |M| = t2I(l — 1)k(k — 1).

— 145 —



Ilia V. Barkov Bidiagonal Ranks of Completely (0-)simple Semigroups

Let I =1, k > 1. Matrix P is a vector. Using Lemma 3.6 from [10] and the remark after we
can say that P consists of 1’s. Let M = {((1)1 ) (t)j> | i # j}.

Take a pair x = ((a)i , (b)j> such that ¢ # j. Since

((1)1 ) (ba_l)j) (a)i = ((a)i ) (b)j) )

then z € MS. Pairs ((a),, (b),) we get via

7

(), (V5 (ba™),) (@), = (@), (0),)-

Hence S x S C S'MS and M is a generating set. Now we prove that M is irreducible. It is
sufficient to show that no pairs from M are products of an another pair and elements of S*.

Let ((1)z , (a)j> =g ((1)p,(b)q> s for some s,s" € S', where i # j, p # q. Let s = (c),. Then
(W @;) = (W, ®),) (@, = (), (be),). Hence p =i, g = j, e = 1 and ((1),,(),) =
((1)7 , (a)j>. It means that M is irreducible, so bdr S = |M| = tk(k — 1).

Let k = 1,1 +# 1. In a similar way one can prove that bdr S = ¢tI(l — 1).

Let k=1,1=1. Now S ~ G. Using Lemma 4.1 from [5| we get bdr G = f. SobdrS = f. O

Theorem 5. Let S be a completely (0-)simple semigroup: S = M° (G, I, A, P), where the group
G consists of t elements and f conjugacy classes, I and A are index sets of k and | and elements
correspondingly and P is a sandwich matrix

o Let k,l > 1. If a row or a column of P has two or more non-zero elements we say that it
is good. Consider the following cases.

1. There are no zeros in P. Then bdr P = t?k(k — 1)I(l — 1) + 2.

2. There are zeros in P. Moreover, there is a good row and a good column in P. Then
bdr P = t2k(k — 1)I(l — 1).

3. There is a good row in P, but no good column. Then bdr P = t?k(k — 1)I(l — 1) +
tk(k —1).

4. There is a good column in P, but no good row. Thenbdr P = t*k(k—1)I(1—1)+tl(I-1).

5. There are no good rows or columns in P. Then bdr P = t?k(k — 1)I(I — 1) + tk(k —
D+l -1)+f.
o Ifk=1,1>1, thenbdrS =¢ti(l—1)+2.
e Ifl=1,1>1 thenbdrS =tk(k—1)+2.
o Ifk=10=1, thenbdrS = f+2.
Proof. Throughout the following text consider the indices denoted by different symbols to be
different.
Let k,1 > 1. Action in the biact g (S x )4 is defined by the following expressions:
(@)ix ((©)i, 0, Wigng) = ((apri )5, 5 (aPxi¥)in,) »
(@)iiny s @igny,) @ix = ((@pr,i0);, » (UPr,iD)1,0) -
Divide all pairs from S x S into the following classes:
L (@ @) 2 (@50 @) 3 (000 ()
4. (), (v) ju) ;5 ((w),, ,o) : 6. (0, (v) ju) : 7. (0,0).
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Pairs of the class 1 do not belong to A = S (S x S) - S1. So we add them to the generating
set. There are t?k(k — 1)I(I — 1) such pairs.
Consider the class 2. Depending on P we have two cases.

e There is a good row in P. Then pairs of the class 2 are obtainable via left multiplication
of the class 1 pairs.

e There are no good rows in P. Then the class 2 pairs are not obtainable from the class 1
pairs. To fix that we add to the generating set the pairs of a kind ((1)(1)\1 , (y)qu)v where
index g is arbitrary, but fixed. There are tI(l — 1) such pairs.

Consider pairs of the class 3. Depending of P we have the following cases.

e There is a good column in P. Pairs of the class 3 are obtainable from the class 1 pairs via
right multiplication.

e There is no good columns in P. Then the class 2 pairs are not obtainable from the class 1
pairs. To fix that we add to the generating set the pairs of a kind <(1)i1u , (y)mt), where
index p is arbitrary, but fixed. There are tk(k — 1) such pairs.

Consider pairs of the class 4. Depending on P we have the following cases.

e There is a good row and a good column in P. Then pairs of the class 4 are obtainable via
two-sided action on the class 1 pairs.

e There is no good row in P, but there is a good column. Then the pairs of the class 4
are obtainable via right-sided action on the class 2 pairs. These pairs we obtain from the
generating set.

e There is no good column in P, but there is a good row. Then the pairs of the class 4 are
obtainable via the left-sided action on the class 3 pairs. These pairs we obtain from the
generating set.

e There are no good rows or columns in P. Fix indices ¢, i, pick one representative g, from

every conjugacy class of G and add to the generating set f pairs ((1)(1” , (gr)q#), 1<r<f.

We show how to get an arbitrary pair ((u)ju , (v)jy) from these pairs. Choose h,a,b € G
such that h='g,h = vu™', a = h='p} |, b =p, ' hu. Then

(@7 (Vs 9)0) B = (W), (0),)

Consider class 5 and class 6 pairs. If there are no zeroes in P we have to add two pairs to the
generating set: ((I)ju ,O) u (O, (x)ju).

The pairs (0,0) are obtainable from any pair.

So we have the following cases.

1. There are no zeroes in P. Then bdr P = t2k(k — 1)I(l — 1) + 2.

2. There is a good column and a good row in P. Then bdr P = t?k(k — 1)I(l — 1).

3. There is a good row in P, but no good column. Then bdr P = #?k(k—1)I(1 — 1) +tk(k—1).

4. There is a good column in P, but no good row. Then bdr P = t2k(k — 1)I(I — 1) +ti(l — 1).

5. T?ere 3)Lre no good rows or columns in P. Then bdr P = t2k(k — 1)I(l — 1) + thk(k — 1) +
t(il—-1)+ f.
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Let | = 1, K > 1. Then S is a left group with externally adjoined zero: S = A U {0} =
{(9); |9 € G,ieI}U{0}, where |[A| = k > 1. By Theorem 4 the act 4 (A x A), is generated

by the pairs ((1)1 , (g)j)7 where g € G, 4,5 € I. To get an irreducible generating set of the act
s (S x 8)g we add the pairs (0, (1), ) and ((1), ,0). Hence bdr S = tk(k — 1) 4 2.
Analogously for the case k = 1,1 > 1 we get bdr S =¢I(l — 1) + 2.

Let Kk =1=1. Now we need only f pairs (1,g,), 1 < r < f to get pairs (u,v) and two pairs
(1,0) and (0,1) to get pairs (u,0) and (0,u). O
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Buanaronasbabie panru BroJHe (0-)MIpOCThIX MOJLYTPYII

Nnba B. Bapkos
Harmmonasbaerit uccsegoBaresnbeknit yaunsepcurer MUSDT
mwr. [Hlokwuna, 1, MockoBckast 06s1., 3emenorpa, 124498

Poccus

Juazonanbioim 6unoauzonom 1ad nosyepynnot Ha3ueaemcs NoAu2oH, 8 KOMmopom noayzpynna detcmey-
em ¢ deyxr cmopon Ha €6010 dexapmosy cmenensv. BuduazonasvbHbmM PAH2ZOM NOAY2PYNNLL HA3BIEALTNCH
HAUMEHDULAA MOULHOCTVD MOPOIAHCIAI0OULE20 MHOHCECNEA ee bUIUAOHANLHO20 NoAuoHa. B dannot pabo-
Mol Mol 6bUCAAEM GUuIUazoHaAvHBLE panay enoane (0-)npocmux noayepynn.

Kmouesvie caosa: noauzon nad nosyzpynnot, duazonasohuil pane, eénoane (0-)npocmas noayepynna.
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