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Abstract. In the present work, we deduce some new congruences modulo 3 and 5 for p.(n), where
r € {—(B\+3),—(5\ + 3) | A is any non-negative integer}. Our emphasis throughout this paper is to
exhibit the use of g-identities to generate the congruences for p,(n).
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1. Introduction

For |ab| < 1, Ramanujan’s general theta function f(a,b) is given by

flab)i= 37 o FHE

k=—o0

By Jacobi’s triple product identity [5, p. 35|, we have
f(a,b) = (—a;ab) oo (—b; ab) o (ab; ab) oo,

where here and throughout the paper, we utilize the following g-shifted factorial:

o0

(a;9)00 = H(l —aq), lg] < 1.

k=0
One of the special case of f(a,b) as defined by S. Ramanujan [5, p. 36] is as follows

oo

n(3n—1)
g =f-a-a) = D (D" T = (60
n=-—oo
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For convenience, we write f(—¢™) = f,. Due to Euler, we have

oo n_i
;p(n)q =5

where p(n) is the number of partitions of n. S. Ramanujan initiated the general partition function
pr(n) as

O (1)
n=0 1
for non-zero integer r. For partition function p(n), Ramanujan’s so called "most beautiful iden-
tity" is given by - s
Zp(5n +4)¢" = 5f—56,
which readily implies "
p(bn+4) =0 (mod 5).
Further he also recorded two more congruences as follows:
p(Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11).

The generalization of the congruences modulo powers of 5 and 7 for all p,.(n) was proved by
K. G.Ramanathan [16]. Later A.O.L. Atkin [2] found that Ramanathan’s proof is not correct.
M. Newmann [13-15], studied the function p,.(n) and obtained several interesting congruences
and identities involving p,(n). The functions p,(n) have been studied by many mathematicians.
For the wonderful work one can see [1-4,6,8-10,12,17-22]. For r = —2, R.Hammond and
R.Lewis [11] proved that

p_2(dbn+£) =0 (mod5),

where ¢ € {2,3,4}. Also in [7], W.Y.C. Chen et. al. proved
p—2(25n423) =0 (mod 25)

by using modular forms. More recently D. Tang [24] for p,(n) proved some new congruences for
pr(n), where r € {—2,—6, —7}. For example,

7Tx 5% 41
p,Q (526_1']7, + X]-Q—i—) = O (mOd 56),

3x594+1

D¢ (525n + 1 > =0 (mod 5’)

and

13 x 520-1 47
p-7 <5251n + w) =0 (mOd 56)

Motivated by the above work in this paper, we deduce some new congruences modulo 3 and 5 for
pr(n), where r € {—(3X\ + 3), —(5X + 3) | A is any non-negative integer}. By using the binomial
theorem, one can easily deduce the below mentioned congruence, and it will be used again and
again in our proof without mentioning precisely. For a prime p, we have

I =fp, (modp).

Now we state our results which we are proving in this paper. The following congruences holds
good for any non-negative integer A:
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Theorem 1.1. We have

Theorem 1.2. We have

P-3ar3)(Bn+1)=0 (mod 3),
P_(3x43)(3n +2) =0 (mod 3).

P_(5x43)(Bn +2) =0 (mod 5),
P—x+3)(5n +3) =0 (mod 5),
P_(5x+3)(Bn +4) =0 (mod 5).

2. Congruences of modulo 3 and 5

Proof of Theorem 1.1. Set r = —(3\ + 3) in (1), we observe that

ZP%:;AH)(”)Q" = f13/\+3 = ffkff
n=0

From [5, p. 345 Chapter 20, Entry 1], we have

where

=17 (u—3‘1+4q >7

_ f3fs
fefs

Substituting (8) in (7), we have

oo N 1
ZP—(3A+3) (n)q" = f 3 <u —3q+ 4q3U2)
n=0

On extracting the powers of ¢

= f3 far ( — 3¢+ 4¢%u ) (mod 3).

3n+1 3n+2

and ¢

Proof of Theorem 1.2. From [20], we have

where

fi=fos (R(1q5) —q- q2R(q5)> ,
0 5n 4)(1 5n71)
H 1_q5n 3 1 _Z5n—2)'

n:l

Set r = —(5A + 3) in (1), we see that

Z P-(5at3)(n)q" = D= R

n=0
= f3fi  (mod 5).
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From (9), we observe that

1 3
=1 (R3<q5> I

+5¢° — 3¢°R*(¢°) — qﬁRS(q5)> ~ (11)

Utilizing (11) in (12), one can easily see that

n _ [A+6 51205 6 93,5
E _ = 2¢°R 4¢° R d 5). 12
nzop (5A+3) (n)q 5 <R3(Q5) + R2(q5) +2q (q )+ q (q )> (mo ) ( )
On extracting the powers of ¢°"*2, g3 and ¢°"* in the above congruence, we obtain (4), (5)
and (6). The above result is also due to B. R. Srivatsa Kumar et al. [23]. O
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HekoTopbie HOBble KOHI'DYIHTHBIE TOXKIECTBA OOIIEro
pa3buenus aJis p,(n)

B. P. IlIpuBarca Kymap
HIpyru IHIpyTn
Xadgrap JIxk. 'ayTam

Texuonornueckuit macturyt Manumnasia
Akanemus Boiciiero obpasosanus Manunasa
Manunan — 576104, nmgusa

Awnnoranus. B nacrosmieii pabore Mbl BBIBOJUM HEKOTOPbIE HOBBIE CPABHEHUS MO MOMAYIIO 3 U 5 st

pr(n), tne v € {—=(BX + 3), —(5X + 3) | A yoboe HeoTpULATENBHOE LI€JIOE YUCJIO}. B 9T0i crarbe MbI

JleslaeM yIIop Ha JIEMOHCTPALUIO UCIIOJIb30BAHUsl ¢-TOXK/IECTB JiJisi TeHEepaluy CpaBHeHuil st pr(n).

KirroueBble cjioBa: ¢-MAEHTUYHOCTb, KOHIPYSHTHOCThH pa3bueHnii, oOIre KOHIPYSHIUUA CTATUCTHYE-
bl 7

cKoit cymMmbl Pamanykana.

- 79 —



