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Abstract. The stability problem of unsteady rotating circular jet motion of an ideal fluid is reduced
to solving an initial-boundary value problem for Poincare—Sobolev type equation with an evolutionary
condition on the jet free initial boundary. The solution of this problem is constructed by the method
of variables separation. The asymptotic amplitudes behavior perturbations of the free jet boundary at
t — oo is found. The results obtained are compared with the known results on the stability of the
potential jet motion.
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Introduction

There are numeros works devoted to the study small disturbances of rest or uniform fluid
rotation (see [1,2] and the literature available there). Let es is unit vector of the rotation axis z.
Homogeneous gravity field of intensity —ges acts on an ideal fluid. Fluid rotates with constant
angular velocity wpes (wp > 0). The equations of small oscillations of such a fluid were derived
by A.Poincare in 1885 [3]. In a rotating Euler coordinate system, they have the form

1
U —wiesx U+ —VP =0, divU=0, (0.1)

Po
where U, P are speed and pressure disturbances, py > 0 is constant fluid density. In this case,
the main state is (0,0,0, —gz + wd(z? + y?)/2). Poincare showed that any component of the
vector U and the function P are the solution of the equation

0? , 0%

where A is Laplace operator in variables x,y, z. A survey of the results of A.Poincare and some
other authors can be found in the classical monograph [4] (see chapter XII "Rotating masses of
liquid").

0, (0.2)
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The solvability of some initial-boundary value problems for system (0.1) was established by
S.L.Sobolev in [5]. He also introduced the state function ®(z,y,z,t) in terms of which the
solution of system (0.1) is expressed in the form [6]:

D2 )
U= @ch + QWQEVCI) X e3 + 4w (VP - e3)es,
L P00 o
o Y0

and the function ® satisfies (0.2). Representation (0.3) makes it possible to more simply estab-
lish the properties of solutions of capillary hydrodynamics problems [2]. Equation (0.2) does not
satisfy the Cauchy—Kovalevskaya conditions. Its nonclassicality significantly affects the formula-
tion of boundary value problems, the asymptotic properties of solutions, and the properties of
the spectrum [7, 8]. In connection with the above, equation (0.2) is usually called the Poincare—
Sobolev equation. More general differential equations that are not resolved with respect to the
highest time derivative are studied in [8]. These include the equations of small perturbations
in the atmosphere and ocean [9-11] in particular. In contrast to (0.2), here the coefficients of
differential operators can depend on spatial variables.

In the present work, we study the asymptotic behavior of small perturbations of unsteady
tension and rotation of a circular jet of an ideal fluid. In this case, the equation coeflicients of the
Poincare-Sobolev type already depend on the time variable. Using the Lagrange coordinates, it
is possible to separate the variables and obtain the amplitude equations. They are ODEs of the
second order in the time variable. The asymptotic behavior of the perturbation of the jet free
boundary is found. A comparison with a similar behavior of perturbations for a non-rotating jet
is made.

1. Basic motion

System of equations for an ideal incompressible fluid in Lagrangian coordinates & = (£, 7, ()
has the form [12,13]

1
M* (x; — g(x,t)) + o Vp =0, (1.1)
0

div M 'x; =0, (1.2)

where M is Jacobi matrix of the mapping x(&,t) the initial area  to the region of motion €
at the time t; M*, M1 are transposed and inverse to M matrices; g(x,t) is known vector mass
forces; p(€,t) is fluid pressure; pg is constant density; all differential operations are performed by
variables &, 7, (. Mass conservation equation (1.2) is equivalent to the equality det M = 1 for all
t>0[12].

Solution of systems (1.1), (1.2) is sought in a fixed region {2 with initial data a ¢ =0

x=€ xt=up(§), divuy(€)=0, £€Q. (1.3)

It is easy to check that formulas

1
X:Msv —PpP=
0
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where )
cost) — F sinf 0
. 1
sinf —cosf 0 |°

\/,7_
0 0 T

T=1+kt, (1.5)

S-Sl

t
k=const >0, wy=-const >0, 6= wo/ 7(t) dt,
0

f(t) is an arbitrary function, represent an exact solution of the system (1.1), (1.2) in the absence
of mass forces, that is g(x,t) = 0.
If in (1.4) we choose the function f(t) in the form

fit) =2 (wgr -3 kz> 2 VT (1.6)

4 T To

ro > 0, o > 0 are constants, then we can give the solution (1.4)—(1.6) next physical interpretation.
At the initial moment of time ¢ = 0 circular jet of ideal fluid of length h( rotates around the z
axis, and vorticity wg = (rotug)/2 = (0,0,wp), see Fig. 1, up = (—k&/2 —won, wol — kn/2, kC).

hU
| ~ /l
| |
) E-fi=
| [ z
T I T

a)ﬂ

Fig. 1. Motion field scheme

The jet surface 2 + n? = r is free and on it capillary forces act (o is surface coefficient
tension). At ¢ > 0 the jet begins to stretch along the z axis and continues to rotate around this
axis. Vorticity in Euler coordinates is w = rot,u = (0,0,wy7) and the velocity vector is

k k k
u= <27_xw07'y,w07x 27_y,7_z> . (1.7)

The walls { = 0 and ¢ = hy can be considered impenetrable, and the second of them at ¢ = 0
starts to move with the speed wy = const. The first wall remains stationary. The moving wall
law is z = (1 + kt)ho, then the constant k = wo/hg. Free border in all times remain cylindrical,
and its radius decreases according to the formula R(t) = ro/\/T.
Remark 1. A solution of the form (1.4) for wy = 0 and o = 0 was indicated in paper [12] as an
example of unsteady motion of an ideal fluid with a free boundary with a linear velocity field.
In this case, the matrix M is diagonal, and the movement will be potential.
In Euler coordinates, the pressure is in the form (equality (1.6) taken into account)
2

%p: f% <w3722f2> [R2(t)—(z2+y2)]+%. (1.8)
It is clear that the simplest solution (1.7), (1.8) is written in the cylindrical coordinate system
(r,,2), such as,

k k 1 1 3 k2 o
u= (—27_ ™ WoTT, — z) , —p=—3 (w(2)72 ~ 1 7'2> [R2(t) — r?] + 0k (1.9)
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2. Small perturbation equations

Since the jet motion described by the formulas (1.4)—(1.6) is vortex, then we will use equations
for perturbations in Lagrangian coordinates, obtained in [13]

t
div [M‘1W/ WM YV® +Uy)dt;| =0, £€€Q, t>0, (2.1)
0
(I)t + CLN — O'Zr(t)N = 0, (22)
t
N =bn- M*IW/ W IM*Y(V® + Uy)dt;, €€T, (2.3)
0
d=0, t=0, £€€QUT. (2.4)

We introduced the following notation in expressions (2.1)—(2.3): M is Jacobi matrix of basic
motion; W (€,t) is solution of matrix equation
d(u)\" .
W, = (a(x)> w, W|,_, = diag(1,1,1), (2.5)
Uy (&) is the initial disturbance velocity vector; ®(&,t) is the disturbance of the Weber’s potential
[13] and the pressure disturbance is

P&,1) = —y(€,1). (2.6)
The quantity a(&,t) is given by the equality
1 ap 11
- S 2.7
o= (m ) 27

where nr, is the extarnal normal to the boundary of the region of motion €2, R;, Ry are the
principal radii curvatures of normal sections I'y; Ar(t) is the surface transformation result to the
Lagrangian coordinates of the Laplace—Beltrami operator I'; [13, ¢.25],

so-t (et r)e ]l e,

E=|M¢, >, G=|M¢,,|* F=ME,, -ME, q=(EG-F*)Y2

Qs

(a1, a0) — &(aq, @) is the parameterization of the initial free boundary T'; the function b(&,t),
& €T is defined by the equality

v
b(E,t) = |J\4|*{Ov|ﬁ)|’ (2.9)

fo(&) = 0 is the implicit equation on I'; n is the external normal to T': n =V fy/|V fo].

The function N(&,t) characterizes the deviation of the perturbed boundary from its unper-
turbed state I' along the normal. Often in stability problems of the fluid motion with a free
boundary, this function is the main required quantity [12,13].

The perturbation of the velocity vector by the known @ is given by the formula

t
U:M[M‘WV/ WM (V® + Up)dty | , (2.10)
0

t

- 207 —
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and vector of perturbations (vector of displacement of liquid particles) is
t
X = W/ W IM*1(V® + Up) dt;. (2.11)
0

We calculate all auxiliary quantities included in the problem (2.1)—(2.4). In fact it is problem
to define a function ®(&,t).

Using the formulas (1.5) and (1.7), we make sure that the solution of the Cauchy problem
(2.5) is the matrix W = M*. Further, since the equation I' is £2 +n? — r2 = 0, and T'; is the
equation 2 + y? — r¢/7 = 0, then n = (£,7,0)/r¢, nr, = 7(x,9,0)/ro, R1 = 10/\/T, R2 =
and function a(§,t), &€ € T, from formula (2.7) is

2 2
rg (3 k 9 oT

To transform Ar(t) from the expression (2.8) we introduce cylindrical Lagrangian coordinates
P, @, ¢, so that & = pcosy, n = psinp, ( = (. Then for the jet surface I' at the initial moment
of time vy = ¢, as = (, 0 < p < 27, 0 < (< hg, a p=ryg. Moreover, the coefficients of the

first quadratic form is E =73 /7, G = 72, F =0 and q = r9\/7, 50
_ 1 52 r2 92
Ap(t) = —— L), 2.13
r(®) rér ( 0p? + T 8(2) (2.13)

Because fo(&,1,¢) = &2 +n? — 12 = 0, then from the formulas (2.9) and (1.5) we get b= 1//7.
Since the matrix W = M*, then the equation (2.1) is simplified to the following

t 1
/O [T(tl) cos2 (B(t) — 0(t1)) (Pee + D) + =T ‘1%4} dty —
- /Ot Kr?(ltl) — 7(t1) cos 2 (0(t) — g(tl)))UOSC + 7(t1)sin 2 (O(t) — O(t1)) 903} dty, (2.14)

where equality Upie + Up2y, + Upse = 0 was used for initial velocity vector Ug = (Up1, Upz, Uos);
the value Q3 = Upae — U1y is twice the third component of the initial vortex vector.

Differentiating the equation (2.14) with respect to ¢ three times and introducing the variable
v =72(t) = (1 + kt)? instead of t we arrive at the equation (u = wo/k)

82 u2 15 N2
a2 (‘I’sf et 5 ‘I%c) t D¢ = —<4 775 T 3/2)U03<
The resulting equation must be solved in the initial cylinder £24+n% < 13,0 < ¢ < 27, 0 < ¢ < hy.

In cylindrical coordinates p, ¢, ¢ the equation will be written like this
0? 1 1 1 u? 15 u?
W(®pp+p¢”+p2¢w+v/ ¢<<>+73/2q><<:_<477/2+ 3/2>U03< (2.15)

Equation (2.15) is an equation of Poincare-Sobolev type (0.2) with variable coefficients and a
nonzero right-hand side.
The value N (&,t) from the expression (2.3) is converted to the form

N:

Toiﬁ /0 7(t1) |:COSQ 0(t) — 0(t1)) (£Pe + 0Dy + EUo1 + nUp2)+

+ sin 2 (G(t) — H(tl)) (6(1)77 — 77(I>§ + €U02 — T]Ugl) dtl. (216)
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Based on the obtained representation, we write down the equation for the N. Differentiating the
expression (2.16) twice in ¢t and after some transformations we arrive at the equation

Po,+ L, (2.17)

2N
N=Lo
T T 2%

Oy? 2k
where the right-hand side is calculated at p = ro, N = /TN = y"*N; Vy(rg,,¢) is the
azimuthal component of the initial velocity vector in cylindrical coordinates (Vo = cos ¢@Ups —
sin pUp1).

As for the boundary condition (2.2) it can be written like this

1 7'(2)]4: 3 9 o | - o _ 7,(2) _
| —p?) = 5 |N = —— (Nyyp + =% Ne¢ | =0 2.18
Al 2y1/4 { Po <4’Y3/2 : > r%kz} 2rokyt/4 < oot v3/2 ¢ ( )

at p=rp, 0 < p <2m, 0< (< hg.
The initial data at v =1 are

d=0, £€QUT,

o
éh(¢p+ D, + — ®W+¢@> —%%—%Q%,SGQ, (2.19)
N=0, ¢£€€T, N,=U(ro, (),

where Uy(p, o, () = cos U1 + sin pUps is radial component of the velocity vector at the initial
moment of time.

The conditions for the impermeability of solid walls ( = 0 and { = hg are reduced to the fact
that the component Z of the perturbation vector X = (X,Y,Z) (2.11) is equal to zero. Using
the equality (2.11), we get

(I)C + U03 = 07 C = 0; ho, t Z 0. (220)

3. Solution of Small Perturbation Equations

We are looking for a solution to the problem (2.15)-(2.20) in the form of a Fourier series
nm(
@(p,,¢,7) Z Z A (7 m( O) eXP(Zm<P)COS( e ) + B(7). (3.1)
n=1m=1

From formula (2.19), we get
Anm(l) = 07 B(l) =0. (32)

In expression (3.1) I, (x) is the Bessel function of the 2nd kind.
Substitution of the solution form (3.1) into the formula (2.15) leads to the equations for the
amplitudes A, (7):

o2 M2ae2 _
Kl ) W)Anm} = 57z Avm = F0)Uonm, 3.3)
Y

where
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and Uppm, are the coefficients of the Fourier series of the function Ups(p, ¢, ():
Uos(p, ¢, C) = nz%mz:oUOnm m( ) exp(ime) sin (“}ZTOC) (3.5)

Remark 2. The expressions (3.1) and (3.5) satisfy conditions for the flow around the walls
(2.20) at ¢ = 0, ¢ = ho.

If Ny (7) are the coefficients of the Fourier series of the form (3.1) of the function N (¢, ¢, ),
then from (3.1) and (2.18) we get

B, +a(y )+ Z Z { (7)) Nowam (7)+

o +MMMMm%mwm%ﬁﬁ=m (36)

where D(v) is the free term in expansion N (¢, (,~),

( 1 k 3 2\ o
a(y) = 23174 | o \ a3z ~H T2k

3.7
b = L 2 + iz ( )
nm = QTOk’YlM m ’y3/2 ’
Hence,
S In(1)  dApn(v)
B, =—a(y)D(v), Npm(y)=-— . 3.8
L ) ) R 39
The function D(v) is found from formula (2.17) as a solution of the equation
d2D 2
D= V 3.9
d'yQ 2k (3.9)
Let’s turn to the equation (3.3), in which we will make the replacement
2
with n and m are fixed. Then the function H is a solution of the equation
d*’H p?ee? -
i a2 H = f(v)Uonm.- (3.11)

The fundamental system Hj(7), H2(7) of the homogeneous equation (3.11) at v > 1 has the
form [14]
Hy = 7378 exp(Apaey /) (1 + &12(7)), lm & o(y) =0. (3.12)

Y00

These asymptotics can be differentiated twice (see [14, p. 58])

)
: 1
HY) ~ (i 3/4> 7*/® exp(+4peey'/?) (3.13)

at v — oo.
From formula (3.4) function f(v) and relations (3.12), (3.13) we obtain the asymptotic rep-
resentation of the solution of the equation for large v (3.11):

2
.
H ~ 7*/8[Cy exp(dpeey'/*) + Co exp(—dpay'/*)] + el (3:14)
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According to the replacement (3.10) we have A, ~ H at v — oo. Then from expressions (3.8),
(3.13) and (3.14) we will find

Npm () ~ 798 exp(4paey'/?), v — co. (3.15)

Moreover, the asymptotics does not depend on the surface tension coefficient at p # 0. Since
Npm () = Y4 Ny, then for the amplitudes of perturbations of the free boundary we obtain
from the formula (3.15)

—11/8

Npm ~ 7y exp(4paeyt’?), v — oco. (3.16)

The function D() is found from the equation (3.9):

v
D = C5cos py + Cysin py + ﬁ , (3.17)

then from formula (3.8)

k . Voo
B<7) = _/ a(T) Cscosut + Cysinur + — | dr.
1 2ku

Thus, there is an instability.

Conclusion

The problem on the behavior of small perturbations of an expanding and rotating jet of an
ideal fluid is reduced to a problem for equations of the Poincare—Sobolev type with variable coef-
ficients depending on time. Due to the specifics of complex boundary conditions and the equation
itself, the solution was found by the method of variables separation. For the obtained amplitude
equations, the asymptotic of the solutions is found for + — oco. Since v ~ (kt)?, then from
(3.16) we get Ny, ~ (kt)™'Y/*expldpee(kt)/?] at t — co. Notice, that uae = (nwerro)/(kho).
Therefore, the growth of perturbations of the free boundary does not depend on the influence
of capillarity (parameter o), as well as on the parameter m. For "pure" stretching of the jet
(wo = 0), the results differ significantly. Namely, [13], at ¢ = 0 Ny,o ~ (kt)~Y2, Ny, ~ (kt)'/2,
m > 1, and at ¢ # 0 Nyo ~ (kt)~%/Sexp[2mnhory 'vVWe(kt)'/4], Npp ~ (k)78 (m > 1),
where We = o/(prik?) is the Weber number. Thus, here the surface tension has very strong
effects on the perturbations behavior, especially for axisymmetric perturbations with m = 0.

This research was supported by the Krasnoyarsk Mathematical Center and financed by the
Ministry of Science and Higher Education of the Russian Federation in the framework of the
establishment and development of regional Centers for Mathematics Research and Education
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Acumnrornyeckoe ImoBeJeHme MaJibIxX BOBMYIJ.[GHI/Iﬁ
HEeCTallMOHAPHOI'O ABU2KECHUA CTPYH PI,Z[G&.TII)HOfI 2KNJIKOCTI

Bukrop K. Anapees

NucruryT Boraucauresbaoro mogenuposanus CO PAH
Kpacnosipck, Poccuiickas ®eneparus

Cubupckuii deepasbHbIl YHUBEPCUTET

Kpacnosipck, Poccuiickas ®eneparus

Annporanusi. 3azata 00 yCTONYIMBOCTH HECTAIMOHAPHOTO [BIXKEHUS BPAIIAIOIENCs KPYTJIOH CTPYH
HUIeasbHON YKUJIKOCTU CBEJIEHA K PEIIeHNI0 HAYAJIbHO-KPAaeBoil 3a7a4un 1yt ypapHeHus tuna [lyankape—
CoboJieBa ¢ 9BOJIIOIMOHHBIM yCJIOBUEM Ha, CBOOOJHOI HaYaIbHOM rpaHuiie cTpyu. Perienne nmocraBieHHOM
3a/1a91 IIOCTPOEHO METOJOM Da3eIeHus IepeMeHHbIX. HalileHo acCuMITOTHYIeCKOe [TOBeIeHre AMILIUTY/
BO3MYIIIEHUS] CBOOOIHON IPAHUIILI CTPYH Iipu t — 00. IIpousBeieHo cpaBHEHME Oy YEHHBIX PE3YILTATOB
C M3BECTHBIMU Pe3yJibTaTaMy 00 yCTONYIUBOCTH ITOTEHIIMAIBLHOIO JIBUXKEHUSI CTPYH.

KuroueBrbie cioBa: HecTalmoOHAPHOE ABUKEHUE, CBOOOIHAS TPAHUIIA, MAJIbIe BO3MYIIECHUS, YPABHEHNUST
tuna [Tyankape—Co6osieBa, HEyCTORINBOCTD.
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