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Abstract. The purpose of this paper is to establish some coupled fixed point theorems for a self mapping
satisfying certain rational type contractions along with strict mixed monotone property in a metric space
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The existence and uniqueness of a fixed point was given by Banach [1] in 1922, which was
acclaimed as Banach contraction principle and plays an important role in the development of
various results connected with Fixed point Theory and Approximation Theory. The Banach’s
fixed point theorem or the contraction principle concerns certain mappings of a complete metric
space into itself. It lays down conditions; sufficient for the existence and uniqueness of a fixed
point. Besides, this famous classical theorem gives an iteration process through which we can
obtain better approximation to the fixed point. Banach’s fixed point theorem has rendered a
key role in solving systems of linear algebraic equations involving iteration process. Iteration
procedures are used in nearly every branch of applied mathematics, convergence proof and also
in estimating the process of errors, very often by an application of Banach’s fixed point theorem.

After that several mathematicians contributed to the growth of this area of knowledge and
extensively reported in their work by taking various conditions on mappings as well as on spaces
(see [2-11]). Also, numerous generalizations of this theorem have been obtained by weakening
its hypotheses on various spaces like rectangular metric spaces, pseudo metric spaces, fuzzy
metric spaces, quasi metric spaces, quasi semi-metric spaces, probabilistic metric spaces, D-
metric spaces, G-metric spaces, F-metric spaces, cone metric spaces, and so on. More work on
fixed points, common fixed points results in cone metric spaces, partially ordered metric spaces
and others spaces can see from [12-24]. Recently, The existence and uniqueness of coupled fixed
points on ordered sets have been investigated by many authors with various conditions on the
mappings, readers may refer to [25-42] and references therein.
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In this paper, we proved some coupled fixed point results in the frame work of partially
ordered metric space satisfying a generalized contractive condition of rational type with strict
mixed monotone property of the mapping. Also, we presented the existence and uniqueness of
a coupled fixed point result for the mapping. These results generalized many well known results
in partially ordered metric space.

1. Preliminaries

Definition 1. Let (X, <) be a partially ordered set. A self mapping f : X — X is said to be
strictly increasing if f(x) < f(y), for all x,y € X with x < y and is also said to be strictly
decreasing if f(x) > f(y), for all z,y € X with xz < y.

Definition 2. Let (X, <) be a partially ordered set and f is a self mapping defined over X is said
to be strict mized monotone property, if f(x,y) is strictly increasing in x and strictly decreasing
mn Yy as well.

i.e., for any x1,xe € X with 1 < x9 = f(x1,y) < f(x2,y) and also

Jor any yi,y2 € X with y1 <y2 = f(z,y1) > f(x,92).

Definition 3. Let (X, <) be a partially ordered set and f: X x X — X be a mapping. A point
(x,y) € X x X is said to be a coupled fixed point to f, if f(z,y) =z and f(y,z) =y.

Definition 4. The triple (X, d, <) is called partially ordered metric space if (X, <) is a partially
ordered set together with (X,d) is a metric space.

Definition 5. If (X,d) is a complete metric space, then triple (X,d,<) is called a partially
ordered complete metric space.

Definition 6. A partially ordered metric space (X,d, <) is called an ordered complete (OC), if
for each convergent sequence {x,}52, C X, the following one of the condition holds

e if {z,} is a non-decreasing sequence in X such that x, — x then x, < z, for alln € N
that is, © = sup{z,} or

o if {z,} is a non-increasing sequence in X such that x, — x then x < x,, for alln € N
that is, x = inf{x, }.

2. Main results
In this section, we prove some coupled fixed point theorems for a self mapping satisfying
certain rational contraction condition in ordered metric space.

Theorem 1. Let (X,d,<) be a complete partially ordered metric space. Suppose thal a self
mapping f : X x X — X has a strict mixed monotone property on X satisfying the following

condition
o, S € QA HET 0 L] ) e )
Fold(, £(,y) + dlp F o) + 8ld(z, fu,0) + d, fy)] D
+Ad(z, 1)
forallz,y,p,v € X withx > p and y < v, where a, B3,7,0, A € [0,1) with 0 < a+B+2(y+ )+
+X <1. Suppose that either f is continuous or X has an ordered complete property (OC) then f

has a coupled fized point (z,y) € X x X, if there exists two points xo,yo € X with o < f(z0,Yo)
and yo > f(yo, xo).
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Proof. Suppose f is a continuous map on X. Let zg,yo € X such that zg < f(xo,y0) and
yo > f(yo,x0) then, define two sequences {z,},{yn} in X as follows

Tnt1 = [(@n,yn) and yp41 = f(Yn,z,) for all n > 0. (2)
Next, we have to show that for all n > 0,
Tp < Tngl (3)
and

Yn > Un+1 (4)

for this, we use the method of mathematical induction. Suppose n = 0, since 29 < f(zg, yo) and
yo > f(yo,x0) and from (2), we have zg < f(xo,y0) = 1 and yo > f(yo,2o) = y1 and hence
the inequalities (3) and (4) hold for n = 0. Suppose that the inequalities (3) and (4) hold for all
n > 0 and by using the strict mixed monotone property of f, we get

Tn+1 = f(xnayn) < f(xn-i-layn) < f(-rn-l-lvyn-ﬁ-l) = Tn+2 (5)
and

Yn+1 = f(yn; mn) > f(yn+1>xn) > f(yn+17xn+1) = Yn+2- (6)
Thus, the inequalities (3) and (4) hold for all n > 0 and we obtain that

o<1 <3< Tg < -+ < Ty < Tpy1 < ... (7)
and

Yo >Y1>Y2>Y3> > Yn > Yntl > e - (8)
We know that @, < Tpni1, Yn > Yns1 for all n then, by (1) and use of (2), we get

d(anrl?xn) :d(f(wruyn)y f(xnflu ynfl))

a d(@n, f(@n,yn)) [+ d(@n—1, f(@n-1,Yn-1))]
1+ d(xn, xn-1)
(@ny f(@nsyn)) d@n—1, f(Tn-1,Yn-1))
Ay, Tp—1)
+y[d(@n, f(xn,yn)) + d(@n-1, f(Tn—1,Yn-1))]
+0[d(@n, f(@n-1,Yn-1)) + d(@n—1, f(Zn, yn))] + Ad(Tn, Tr—1)

N

+Bd

which implies that

d(@n, Tni1) (L + d(@n—1,20)] (Tn, Tng1) d(@n-1,2n)
1 —|—d(l‘n,.’1,‘n,1) d(l‘n;xn71>

+ ’Y[d($n7 xn-‘rl) + d(xn—lv $n)] + 5[d($n7 xn) + d(xn—lv $n+1)]

+ Ad(zpn, Trn-1).

d
d(xn+17xn) < « +ﬂ

Finally, we arrive at

Y+d+ A
l—-a—-pB—7y—9¢

d(Xpt1,Tn) < < ) d(xp, Tn_1). 9)

Similarly by following above, we get

Y+I+ A
l-a—-B—-—vy-94¢

d(Yn+1,Yn) < d(Yn, Yn—1)- (10)
( )
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So, from equations (9) and (10), we have

Y+I+ A
l—a—-pF—vy-96

Now, let us define a sequence {S,} in X as {S,} = {d(@n+1,2n) + d(Yn+1,Yyn)}. Therefore, by
induction we get

d(Zni1,Tn) + d(Ynt1,yn) < ( ) [d(xmxnfl) + d(yn, ynfl)] .

k3S,_3 < ... < E"Sp,

(e}
N
"
N

-
~
L
N

-

(o]
g
&
p

< 1 and hence, we obtain

lim S, = lim [d(Zn,Znt1)+ d(Yn,Ynt1)] = 0.

n—+oo n——4oo

Consequently, we get lim d(zp,2n4+1) = 0 and lim d(yn,yn+1) = 0. By using triangular
n—+oo n—-+o0o

inequality for m > n, we get

AT, Tn) € d(@m, Tm—1) + d(@m—1, Tm—2) + -+ + d(Tpt1, Tpn)
and

A(Yms Yn) < A(Yms Ym—1) + AYm—1,Ym—2) + - + d(Yn+1,Yn)-
Therefore,

d(l‘m, -Tn) + d(yvm yn) <Sm—1+Sm—2+-+ 5,

< (km—1+km—2++k_n>50
kn
1-k

N

So.

Letting limit as n,m — oo in the above inequality, we obtain that d(z..,xn) + d(Ym,yn) — 0.
Consequently, the sequences {z,} and {y,} are Cauchy sequences in X and by completeness
of X, there exists a point (z,y) € X x X such that z,, — = and y,, — y. And also from the
continuity of f, we have

z= lim z,41 = lim f(z,,yn) = f(lim z,, im y,) = f(z,y),
n— oo n—oo n— oo n—o0

and

Yy = nlggo Yn+1 = nlgr;o fWnszn) = f(nlgr;o Yns nlgrgo r,) = f(y, ).
Therefore, we have © = f(z,y) and y = f(y,x), i.e., f has a coupled fixed point in X x X.
Another way, suppose X has an ordered complete property (OC). From above discussion there
is an increasing Cauchy sequence {x,} in X converges to x € X. Then from (OC) property of
X, we have x = sup{z,}, i.e., x,, < z, for all n € N. Therefore, we conclude that z,, < z, for all
n otherwise there exists a number ng € N such that z,, = z, and hence z < z,, < Tp,4+1 =2
which is wrong. Thus, from the strict monotone increasing of f over the first variable, we get

f@nyn) < f(@,yn). (11)

Similarly, from above there is a decreasing Cauchy sequence {y,} in X, which converges to a
point y € X. Thus, by (OC) property of X, we have y = inf{y,}, i.e., y, > y, for all n € N.

- 495 —



N. Seshagiri Rao, K. Kalyani Generalized Contractions to Coupled Fixed Point Theorems. . .

As from similar argument above, we have y,, > y, for all n € N. Also, from the strict monotone
decreasing of f on the second variable, we get

f(@,yn) < flz,y). (12)
Therefore, from equations (11) and (12), we obtain

f@nyn) < f(@,y) = nir < f2,y), foralln eN. (13)

Since z, < zpy1 < f(z,y), for all n € N and = = sup{z,}, then we obtain x < f(z,y).
Now, let z9 = z and 2,41 = f(2n,yn) then, by similar argument above the sequence {z,} is a
nondecreasing Cauchy sequence, since zgp < f(z0,yo) and converges to a point z in X, implies
that z = sup{z,}.

Since for all n € N, x,, < & = 20 < f(20,¥0) < 2 < 2z then from (1), we have

d(.’EnJr], Zn+1) = d(f(ajn7 yn)7 f(zna yn))

a d(@n, [ (@0, yn)) [L + d(2n, [ (20, yn))]
1+ d(xn, 2n)

(@ns f(@nsYn)) d(zns f (20, Yn))
d(xn, 2n)

+yd(@n, f(@n,yn)) + d(zn; f(2n,Yn))]

N

Jmé’d

On taking limit as n — oo in the above inequality, we get
d(z,z) < (20 + N)d(z, z),

but 20 + A < 1, then we obtain that d(xz,z) = 0. Hence z = z = sup{z,}, implies that
x < f(z,y) <. Thus, x = f(z,y). Again following the similar above argument, we obtain that
y = f(y,z). Hence, f has a coupled fixed point in X x X. O

For the existence and uniqueness of a coupled fixed point of f over a complete partial ordered
metric space X, we furnish the following partial order relation.

(1,v) < (w,y) & & 2 p, y <o, for any (2,y), (1,v) € X x X,

Theorem 2. Along the hypothesis stated in Theorem 1 and suppose that for every (x,y), (r,s)
X x X, there exists (u,v) € X x X such that (f(u,v), f(v,u)) is comparable to (f(x,y), f(y,z))
and (f(r,s), f(s,r)), then f has a unique coupled fized point in X x X.

Proof. As we know from Theorem 1, the set of coupled fixed points of f is non empty. Suppose
that (z,y) and (r, s) are two coupled fixed points of the mapping f, then x = f(x,y), y = f(y,x),
r = f(r,s) and s = f(s,7). Now, we have to show that x = r, y = s for the uniqueness of a
coupled fixed point of f.

From hypotheses, there exists (u,v) € X x X such that (f(u,v), f(v,u)) is comparable to
(f(z,y), f(y,2)) and (f(r,s), f(s,7)). Put u = ug, v = vy then choose uj,v; € X such that
uy = f(up,vo) and v1 = f(vo,up). Thus, following the proof of Theorem 1, we construct two
sequences {uy }, {v,} from up 1 = f(un,v,) and v,1 = f(vp,uy,) for all n € N. Similarly, define
the sequences {x,}, {yn}, {rn} and {s,} by setting © = x¢, y = yo, r = 1o and s = sg. As form
Theorem 1, we have z,, =z = f(z,v), yn = vy = f(y,x), r, > 7= f(r,s) and s, = s = f(s,r)
for all n > 1. But (f(z,y), f(y,2)) = (z,y) and (f(ug,vo), f(vo,ug)) = (u1,v1) are comparable
and then we have > u; and y<vi. Next to show that (x,y) and (uy,,v,) are comparable, i.e.,
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to show that > wu, and ygv, for all n € N. Suppose the inequalities hold for some n > 0,
then from strict mixed monotone property of f, we have up41 = f(un,vn) < f(z,y) = 2 and
Un+1 = f(vn,un) = f(y,z) = y. Therefore, we have z > u,, and y<v, for all n € N.

Again from (1), we have

d(@, unt1) =d(f(@,y), f(un, vn))
o A, fla,y)) [+ d(un, f(un, vn))] n d(z, f(z,y)) d(un, f(un,vn))
1+ d(z,up) d(x,uy)
+ld(@, (2, ) + d(un, f(un, vn))] + 6[d(z, f(un, vn)) + d(un, f(2,y))] + Ad(z, un)
which implies that

Y+I+ A
d(x,un+1) < <1—f‘)/—6> d(x,un)

Similarly, we can obtain

Y+I+ A
< | ——— .
d(y,Un+1) X (1 — = 5) d(y,’l)n)
O+ A
Suppose D = % < 1, then from above equations, we have
— =

d(x’un+1) + d(yvanrl) <D [d(l‘, un) + d(%”ﬂ)]
< D2 [d(z,un—1) + d(y,vn_1)]

< D" [d(x7u0) + d(yaUO)] :
Taking limit as n — +o0o to the above inequality, we get lirf d(x,up+1) + d(y, vpe1) = 0.
n—-+oo
Consequently, we obtain lirf d(x,upt+1) = 0 and lirf d(y,vp41) = 0. Similarly, one can
n—-+0oo n—-+0o0
prove that lim d(r,u,) =0 and lim d(s,v,)=0.
n—oo n—oo
Further form triangular inequality, we obtain that
d(z,r) < d(@,un) + d(un,7) and d(y, s) < d(y, vn) + d(vn, ).

On taking limit as n — oo to the above inequalities, we obtain that d(z,r) = 0 = d(y, s), implies
that x = r and y = s. Hence, f has a unique coupled fixed point in X x X. This completes the
proof. O

Theorem 3. Along the hypotheses stated in Theorem 1 and if xg, yo are comparable then f has
a coupled fixed point in X x X.

Proof. Suppose (z,y) is a coupled fixed point of f, then from Theorem 1, there exists two
sequences {z,} and {y,} such that z, — = and y,, —» y in X.

Assume that xg < yg, then we have to show that z,, < y,, for all n > 0. Suppose it hods
for some n > 0. So, by the strict mixed monotone property of f, we get 11 = f(Tn,yn) <
f(Yn, Tn) = Ynt1. Then, from the contraction condition (1), we get

d(xn+17yn+1) = d(f(xnayn)v f(ynaxn»

a d(@n, [ (@nsYn)) [L + d(Yn, £ (Yn, T0))]
1+ d(zn, yn)

(xnv f(xnayn)) d(yrn f(ynvl'n))
d(xn, yn)
+ ’Y [d(l‘n, f(.I‘n, yn)) + d(yna f(y'ru Z‘n))]

+ 0 [d(xm f(ym xn)) + d(yna f(-Tn, yn))] + /\d(xna yn)

N

+ﬂd
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On taking limit as n — oo, we get
d(z,y) < (26 + ) d(z,y)

which is a contradiction, since 26 + A < 1. Thus, d(z,y) = 0. Therefore, we have f(z,y) =
=2 =y = f(y,z). Similarly, we can also show that f(z,y) = 2 =y = f(y,x) by considering
Yo < xo. Hence, (z,y) is a coupled fixed point of f in X x X. O

Remarks:

1. If « = = § =0, in above Theorems, we obtain Theorems 2.1 and Theorem 2.2 of Ciric
et al. [30].

2. If & = 0 in above Theorems, we can get Theorem 2.1-Theorem 2.3 of Chandok et al. [38].

3. Banach [1] type contraction in partially ordered metric spaces can get by taking o = =

4. Kannan [7] type contraction for coupled fixed point theorem in partially ordered metric
spaces can get by putting & = = § = A = 0 in above Theorem 2.1-Theorem 2.3.

5. Chatterjee [3] type contraction for coupled fixed point theorem in partially ordered metric
spaces can obtain by giving @« = =+ = A = 0 in above Theorem 2.1-Theorem 2.3.

6. Singh and Chatterjee [9] type contraction for coupled fixed point theorem in partially
ordered metric spaces can get by giving o = v = 0 in above Theorem 2.1-Theorem 2.3.

3. Applications

In this section, we state some applications of the main result to a self mapping involving an
integral type contractions.
Let us consider the set of all functions y defined on [0, c0) satisfying the following conditions:

1. Each x is Lebesgue integrable mapping on each compact subset of [0, 00).
€

2. For any € > 0, we have [ x(t)dt > 0.
0

Theorem 4. Let (X,d, <) be a complete partially ordered metric space. Suppose that a self
mapping f : X X X — X has a strict mized monotone property on X satisfying the following
condition

(A () f () Ao (o 10 ) Ao (2.3) (oS Geo))
sY)s ) T, T,
/ o)t < a / o)t + B / o(t)dt
0 0 0
d(o,f (,9))+d(a,f (1,0)) Ao, f(1,0)) +d (s (2,9))
+7/ go(t)dt+5/ o(t)dt (14)
0 0

d(z,p)
+ )\/ o(t)dt
0

for all x,y,u,v € X with x =2 p and y < v, p(t) is a function satisfies the above conditions
defined on [0,00) and a, B,7,0,A € [0,1) with 0 < a+ B+ 2(y+ ) + A < 1. Suppose that either
f is continuous or X has an ordered complete property (OC) then f has a coupled fized point
(z,y) € X x X, if there exists two points xo,yo € X with xo < f(xo,y0) and yo > f(yo,xo).
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Similarly, we can obtain the following coupled fixed point results in partially ordered metric
space, by taking y =6 =0, =0, 8=v=0and 8 =9 =0 in Theorem 4.

Theorem 5. Let (X,d,<) be a complete partially ordered metric space. Suppose that a self
mapping f : X x X — X has a strict mixed monotone property on X satisfying the following
condition

d(x, f(z,y))[1+d(p, f(1,v))] d(@,f(z,y)) d(p,f(p,v))
1+d(z,p) d(x,p)

()t < a @@ﬁ+ﬁ/ p(t)dt
0 0 (15)
A / e (t)dt
+ ; ©

for all x,y,u,v € X with x > p and y < v, p(t) is a function satisfies the above conditions
defined on [0,00) and a, B, A € [0,1) with 0 < a+ B+ X < 1. Suppose that either f is continuous
or X has an ordered complete property (OC) then f has a coupled fized point (z,y) € X x X, if
there exists two points xo,yo € X with xo < f(xo,y0) and yo > f(yo,xo).

/(d(f(w,y) f(psv))

0

Theorem 6. Let (X,d,<) be a complete partially ordered metric space. Suppose that a self
mapping [ : X x X — X has a strict mixed monotone property on X satisfying the following
condition

d(@, f(z,y))[1+d(p, f(p,v))]

1+d(@,p) d(z, f(z,y))+d(p, f(p,v))
¢@ﬁ<a/' ¢@ﬁ+7/ o(t)dt
0 0 (16)

d(z, f(p,0))+d(p, f(z,y)) d(z,p)
+ 5/ o(t)dt + /\/ p(t)dt
0 0

for all x,y,u,v € X with x > p and y < v, p(t) is a function satisfies the above conditions
defined on [0,00) and o,7,0,A € [0,1) with 0 < oo+ 2(y+0) + A < 1. Suppose that either
f is continuous or X has an ordered complete property (OC) then f has a coupled fized point
(x,y) € X x X, if there exists two points xg,yo € X with o < f(zo,y0) and yo > f(yo,zo).

/(d(f(%y) of (,0))

0

Theorem 7. Let (X,d,<) be a complete partially ordered metric space. Suppose that a self
mapping [ : X x X — X has a strict mixed monotone property on X satisfying the following
condition

d(@, f(z,y))[1+d(p, f(p,v))]

(d(f(@,y),f (1,0)) Tt (e d(z, f (p,0))+d(ps f (2,y))
/ p(t)dt < a/ p(t)dt + 5/ (t)dt
0 0 0 (17)
d(z,p)
+ )\/ o(t)dt
0

for all x,y,pu,v € X with x > p and y < v, p(t) is a function satisfies the above conditions
defined on [0,00) and «, 8, A € [0,1) with 0 < a+20+ A < 1. Suppose that either f is continuous
or X has an ordered complete property (OC) then f has a coupled fized point (z,y) € X x X, if
there exists two points xo,yo € X with xo < f(xo,y0) and yo > f(yo,xo).

Theorem 8. Let (X,d,<) be a complete partially ordered metric space. Suppose that a self
mapping [ : X x X — X has a strict mized monotone property on X satisfying the following
condition

d(z, f(z,y)[1+d(p, f(pr,v))]

(d(f(@,y), f(1,v)) jeT e d(z, f(z,y))+d(p, f(p,v))
/ p(t)dt < a/ p(t)dt + ’y/ o(t)dt
0 0 0 (18)
d(z,p)
+ )\/ p(t)dt
0
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for all x,y,p,v € X with x > p and y < v, p(t) is a function satisfies the above conditions
defined on [0,00) and a,y, A € [0,1) with 0 < a+2y+ X < 1. Suppose that either f is continuous
or X has an ordered complete property (OC) then f has a coupled fized point (x,y) € X x X, if
there exists two points xg,yo € X with xo < f(xo,y0) and yo > f(yo, o).
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O06ob61meHHbIE CXKATHSA JIJIsI CBA3aHHBIX TEOPEM
O HEIIOJBM2KHBIX TOYKaX B YACTUYHO YIIOPSI0YE€HHbBIX
MeTPUYECKNX IIPOCTPAHCTBAX

H. Cemarupu Pao

Hayuno-rexuudeckuit yuuepcurer AnaMbl
Apama, Dduonus

Kapycana Kansau

Dona HAYKHU, TEXHOJOTHI U nccaeoBanmii Burnan
IIpanem, Nnansa

Awnnoranus. lenb 310it craTbu — yCTAaHOBUTH HEKOTODPBIE CBSI3aHHBIE TEOPEMbBI O HEIOIBUYKHON TOY-
K€ JIJIT CaMOIIPEJ/ICTABJIEHUSI, YJIOBJIETBOPSIONIETO OIPEJIEIEHHBIM PAIlMOHAJBbHBIM COKPAIIEHUSM THUIIOB
HapsAy CO CTPOrO CMEIAHHONW MOHOTOHHON COOCTBEHHOCTHIO B METPUYECKOM IMPOCTPAHCTBE, CHAOKEH-
HOM YaCTUYHBIM HOPsIKOM. Tak»Ke MBI JaJIM Pe3yIbTaT CYIIECTBOBAHUS U €IMHCTBEHHOCTH CBSI3aHHOMN
HEMOABUKHON TOYKHU JJIsT OTOOPaXKeHUsi. DTOT pPe3ysbTaT 0H6006IIaeT M PaCIIUpsieT HECKOJIBKO XOPOIITO
W3BECTHBIX B JIUTEPATYPE PE3YIbTATOB.

KiroueBble cjioBa: 4acTUYHO yHnopaaovdeHHble MEeTPpUYIECKUEe IIPOCTPpaHCTBa, palliOHaJIbHbIE COKpPaIllle-
HUA, CBA3aHHaA (i)I/IKCI/IpOBaHHaEI TOYKa, MOHOTOHHAaA COOCTBEHHOCTD.
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