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In the paper the problem of identification of two functions, one of which is under the integral sign in a
hyperbolic equation and represents the medium’s memory, the other one defines the regular part of an
impulse source is considered. As additional information Fourier image trace solution of a direct problem
on the hyperplane y = 0 for two different values of transformation parameters is given. The estimate of
stability of the solution of the inverse problem and the uniqueness theorems is proved.
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1. Setting up the Problem

We consider the boundary value problem

¢
Ut — Ugg — Uyy — /k:(T)um(ac,y,t —7)dr =0, (z,y,t) € Ri x R, (1.1)
0
Uleco 2 0, 1ylymo = ad(@)0(2) + F(1)6()6(1), (12)

where R = {(z,y) € R*|ly > 0}; 6(t) =1, t = 0; 6(t) =0, t < 0; &(t) = (d/dt)6(t), &'(t) =
(d?/dt*)6(t), a # 0 is a real number.
For given functions k(t), f(¢) and a number a we call the ,direct problem® the problem of
finding the function u(x,y,t), that satisfies (in a generalized meaning) the equations (1.1), (1.2).
We assume that a solution to this problem is defined on the boundary of the domain Rf_ X R

uly—o = F(z,t), (z,t) € RY. (1.3)

The inverse problem is to in determine the two functions k(t), f(¢) and a number a for a
given function F(z,t).

Definition 1.1. A pair of functions k(t), f(t) and a number a are calld the solution of a inverse
problem (1.1)-(1.3) if the corresponding solution of the problems (1.1),(1.2) satisfies the equation

(1.3).

Regarding the problems devoted to determining a sub-integral function, belonging to
hyperbolic equations, see works [1,2]. In the work [1] the problem of finding out the memory,
belonging to a three-dimensional wave equation with delta function at the right side is
investigated. Further, in work [2] this problem is generalized in the case of a hyperbolic equation

*e-mail: durdiev65@mail.ru
© Siberian Federal University. All rights reserved

- 127 —



Durdimurod K.Durdiev An Identification Problem of Memory Function of a Medium and the Form...

of the second order with a constant main part and variable coefficients at minor derivatives.
Similar problems with distributed sources of disturbance can be found in works [3,4]. In the
article [5] the problem of determining a one-dimensional coefficient of wave distribution velocity
and forms of impulse sources according to the information (1.3) is investigated. It turns out that
to solve this problem it is sufficient to give the Fourier image of the function F(z,t) in two
different values of the transformation parameter. In this article we investigate the determination
of two functions of one variable, one of which is under the integral sign similar to the method of
the work [5].

Let a(A,y,t) be the Fourier transformation of the function u(xz,y,t) with respect to the
variable x:

1 .
ﬂ(Aay7t) = m/u(x,y,t)e“\zdx.
R

From the theory of hyperbolic equations, we know that for given functions k(t) and f(t)
problem (1.1), (1.2) correctly defines the function u(x,y,t), possessing the compact support at
any finite ¢. In terms of the Fourier transform the problem (1.1)—(1.3) is reduced to the form

t

figg — gy + N0+ /\Q/k‘(T)zl()\,y,t C)dr =0, (Ayit) € R xR, (1.4)
0

iltco = 0,1y y—0 = ad (t) + f(£)0(t), (1.5)

ily—o = F(\,t), (\t)€ R2. (1.6)

The solution of the direct problem (1.4), (1.5) can be represented as

(A y,t) = —ad(t —y) + 0(t — y)v(A y, t). (1.7)

It is easily seen from the relations (1.4), (1.5), that the function v(\,y,t) at a fixed A in the
domain t > y > 0 satisfies the equations

t—y
Vit — Vyy + A0\, y, 1) — N2ak(t —y) + A2 / E(T)v(A\y,t —T)dr =0, (1.8)
0
Na
Vlt=y+0 = A (1.9)
Uyly=0 = f(t). (1.10)

We observe that for the solvability of the inverse problem, as concluded from the presentation
(1.7), the function F'(A,t) must have the following structure:

F(\t) = —ad(t) + Fo(\1)0(t), (M\t) € R2, (1.11)

where the function Fy(A t) at the argument ¢ satisfies some conditions of compatibility and
smoothness, that will be addressed later. The formula (1.11) demonstrates that the inverse
problem data make it possible to find @ as a coeflicient at the singular part of F(A,t) and
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a # 0. Further we shall assume, that a is a known number. It follows from the formula (1.11)
that the additional information (1.6) for the function v has the form

Vly=0 = Fo(A\ 1), (A\t) € R3. (1.12)

Now we narrow the data of the inverse problem, assuming that the function Fy(\, t) (consequently
the function F(\,t)) is known for only two values Aj, Ay such that A? # 3. Thus, the inverse
problem (1.1)-(1.3) is brought to the problem of identifying the functions k(t), f(t) from the
relations (1.8)—(1.10) if the solution of the direct problem is known for A = X;,j = 1,2 and is
given by the equation (1.12). It turns out that by these data the functions k(t), f(¢) are uniquely
defined.

2. The Direct Problem

We analyze the properties of the solution to the direct problem (1.8)—(1.10).

Lemma 2.1. Let k(t) € C[0,T], f(t) € C[0,T] at some T > 0. Then at each fixed value of the
parameter X the solution of the problems (1.8)—(1.10) for (y,t) € Dy, Dy = {(y,t)|0 <y <t <
T — y} belongs to the functional class C* (Dr) and for the solution the estimate

[vllerpery < C (lal + k@) oo,y + 1 fllep,r) - (2.1)
is valid, with C" depending only on T, X\ , |[k(t)||cjo,1), a. Besides, the functions
7#()\17 )‘2, t) = Ut()\la 0) t) - ’Ut()\g, 07 t)
at any fized \j, j = 1,2 belong to the class C*[0,T].

Proof. Since

0 0 0 0
Vit = vy = \ 55 T 3y (vt +vy) = ooy (v = vy),

it follows that for (y,t) € Dr from the relations (1.8)—(1.10) (by integrating along the
corresponding characteristics of the derivative operators of the first order) yield the equations

2
(v v p1) = 504
(y+t)/2 t+y—2¢
+)? / ak(t+y—28) —v(\Et+y—¢&) — / E(T) o\ Et+y—€&—T1)dr| dE, (2.2)
Yy 0

v(,0,1) = /\Zat—/f(f)dT—k

0
t T/2 T—2€
+22 ak(t —28) —v(\,&,7—&) — k() v\, &7 — €& — a)da| dédr, (2.3)
[ /

Aa 9
(Ut _Uy)()‘ayvt) = 5 + A ak(t—y)y— Qf(t_y)+
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(t=y)/2 t—y—2¢

+\? / [ak(t—y—%)—U()\,E,t—y—f)— k;(T)v()\,f,t—y—E—T)dT] d&—

0

Y t—y
—)\2/ [v()\,f,t —y+&+ / E(T)o(\Et—y+ & — T)dT] de. (2.4)
0 0
From (2.2), (2.4), we find
A2 A2
vy t) = 50+ Sk =)y = St y)+
z2 w2 s
+? 0 ak‘(t—y—%)—v(/\,f,t—y—f)— k(T)U<)‘a€7t_y_§_T)dT df_
0
32 i t—y
_? / |:’U(/\a§7t -y + g) + / ki(T)U()\,f,t -y +€ - T)dT] d§+
0 0
(y+t)/2 t+y—2¢
)\2
+5 / lak(t ty—2) —vNEt Y- — [ kY~ - T>dT] de, (2.5)
Y 0
)\2
v (A, t) = =5 k(= )y + (- )
32 (t—y)/2 t—y—2¢
-5 f [ak(t Sy -ug - - [ kDG -y 7>dr] de+
0 0
22 Y t—y
+ / |:U(>\, Et—y+&+ / k(r) v\ €t —y+ & — T)dT] de+
0

0

)2 (y+t)/2 t+y—2¢
w5 lak<t+y—2f>—v(A,g,Hy—g)— k(T)v(A,ﬁ,twLy—ﬁ—T)dT] &, (26)
v 0
Ma / Ma e 1 / 1
v\ y,t) = Ty/k(T—y)dT—i—T/ / k(T—l—y—Zf)d{dT—i/f(T—y)dT+§v()\,0,t—y)—
Y y oy y

]

t y T—y
_’\?// [U(/\,§7T—y+§)+ / k(a)v()\,g,q—_y+§_a)da] dedr—
y 0 0

t (t+y)/2 THy—2¢

)\2

2
y oy
The equation (2.7) is an integral equation of the Volterra type in the domain Dp and defines
the unique continuous solution using the equations (2.5), (2.6) we conclud that this solution has

[v(k,awy—f) + k(a)v()\>§77+y—§—a)da} dgdr. (2.7)

0
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a continuous derivative in Dp. Replacing the expression for v(A, 0,t), determined by the formula
(2.3), in the equation (2.7) and for equations (2.5)—(2.7) constructing the method of consecutive
approximations on a usual scheme, that has a factorial convergence at the argument ¢, it is not
difficult to deduce the estimate (2.1) in the domain Drp.

By means of the equation (2.5) we obtain the function

A2 — )2
V(A1 Mg, t) = (1272)614_
/2

+ /{Q(A? - )‘g)k(t - 25) - )‘?v()‘lvfat - 5) + )‘gv()‘%gvt - f)_
0

t—2¢

- / k(7) [Af@()\l, Et—E—1) = Nu(ho, &t — € — 7)} dT}dg. (2.8)
0

The right side of this equation belongs to the class C'*[0, T'|. For this reason 1(\1, A2, t) € C1[0,T7,
at any fixed A;,j =1,2.

As a consequence of the Lemma we should note that under the conditions of the Lemma 2.1
the function Fy(A,t), in the equation (1.12), at each fixed X belongs to the class C'1[0, 7], and the
function Fyo(t) = Fy(A1,t) — Fo(A2,t) belongs to the class C2[0, T)]. Besides, from the formulae
(2.5), (2.8) it is concluded that the following equations are valid

2
R0 =0, Fu(n0)= 2~ f0)

From now on we will assume that the function Fy(A,t) satisfies these necessary conditions. O

3. Construction of a System Integral Equations for
Equivalent Inverse Problems (1.8)—(1.10), (1.12)
Lemma 3.1. Let the conditions of the lemma 2.1 and the necessary conditions relative to the

function Fy be met. Then the inverse problem (1.8)—(1.10), (1.12) in the domain Dr is equivalent
to the problem of finding the functions v, v, k, f from the following system of integral equations:

)\?a
v(Ajy: 1) = Fo(Aj,t —y) + ——y+
A2 N
—l—?J / ak(t — &) —v(N\;, & 1) — / E(a)v(A;,&, 7 — a)da| drdé, j=1,2, (3.1)
D(y,t) 0

A2 r(tty)/2
ve(Aj, Y, t) = For(Aj, t —y) + é/o {ak?(t —ly =&l =8 —v(N\;, &t =y —&)—
t—|y—¢&|—¢€ . . t
- / k(a)U(Ajagat_kU_ﬂ—Ol)da—2|:ak (;Z/+’§_;3/ _5)_
0
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Srtle- =g

(Aj,g ‘g—D / k(a)v (Aj7§,t;y+’§—t;y’—a> da}x
0
x <1 — sign (5 - t;’)) }dg,j =1,2, (3.2)

2 A2+ A3
__° F t 1 2
()\% — Ag)a OOtt( ) + 2

t
2 (AT = Ada 5 t+¢ 2 t—¢& t+¢
+(A%—/\§)a/[ e @“1“(“ 5 2) A?”t@?mm)*
0

3
+/]€( ) |:>\1Ut ()\1, %, % —7') — A%vt ()\2, %, % —T)} dT} dg. (3.3)
0

k(t) = t4

3
A2 - -
+7 ak(¢ ()\ Mt?) 7/]?(7’)1) </\,t€,’”rg T> dr|de,  (3.4)
0 0

where

D(y,t) ={(&:NIt =y)/2+[§ =t —y) /2l <7 <t =€ —y|,0 <E < (t+y)/2},
Foo(t) = FO()\17t) - Fo()\g,t).

Proof. First of all we observe that the system of integral equations (3.1)-(3.3) is closed in the
domain D7 and uniquely determines continuous functions v, vy, k. After finding the unknown
function f(¢) is calculated by the formula (3.4). In the formula (3.4) for A = A\; and A = A,
the result of the calculation should not depend on the choice of the parameter . Further for
definiteness in (3.4) we put A = Ay. we first consider the auxiliary problem of identifying the
functions ¢(y, t), satisfying the relations [5]

Pt — Py =V(Yst), 0<y<t<T—y,
90(0,15):900@), 0<y<T, Sﬁ(yvy):sm(y), 0<y<T,

where 7, o, 1 are continuous functions and ¢(0) = ¢1(0). It is easy to check that the
generalized solution of this problem is given by the formula

o) =it +on (50) - (S0) 45 [ e 69)
D(yt)
According to the formula (3.5) the solution of the problems (1.8), (1.9), (1.12) satisfies the
integral equation (3.1) in the domain Dp. In order to obtain the equation (3.2) we reduce the
integral over D(y,t) to a repeated integral:

(t+y)/2 t—|y—£|
/ (€ 7)drde = / / (€, 7)drde.
D(y,t) 0 (t—y)/2+|6—(t—y)/2|
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Differentiating the equation (3.1) with respect to the variable ¢, we arrive to the equation (3.2).
Differentiating the equation (3.1) by the variable y, we find

) (t+y)/2
wnt) = ~FuOit =)+ 3384308 [ k= - -0 —vin6e- e
0
t—ly—£|—¢ . . .
— [ M@ by €l - a)dalsin (e - ) + 5 [ar( G+ e~ Y - o
0

S tle-tgt—¢
t—y t—y t—y
—v (AJ7£72+‘£_2'> - / k(a)v()‘jvguT"'_

+’g_t;”‘ —a)da} <1—Sign (g—t;y»}dg,j: 1,2. (3.6)

Assuming in this equation that y = 0 and using the equation (1.10) we obtain the equation
(3.4). Considering the equation (1.10) for A = A;, j = 1,2 and constructing the difference, we
obtain

0y (A1, 0,) — vy (Ao, 0, 1) = 0. (3.7)

From the equation (3.7), with the use of the equation (3.6) at y = 0, we find

t/2

- f {a(A% COADR(t— 26) — Mo, Ent— )+

0

(AT = Aa

For(A1,t) — For(Aa,t) = 5

t—2¢

+A2v(Ag, &, — &) — / k(T) {/\fv()\l,g,t —&—71) = Ao, 6t — € — T):| dr}d§. (3.8)
0

Differentiating, this equation with respect to the variable ¢, after simple calculations we obtain
the equations (3.3). We note that the unknown function f(t) does not belong to the equation
(3.1)-(3.3).

It is not difficult to check that the inverse transform exists, too. Indeed, integrating the
equation (3.2) by ¢ within the interval from y to ¢ and changing, where necessary, the order of
integration we obtain the equation (3.1), from which, in turn, the relations (1.8), (1.9), (1.12)
for A = A; are concluded. In the integrals on the right side (3.3) we make a substitution of the
variable & by ¢ according to the formula & = (¢t — £)/2. Then at the right and left sides of this
equation substituting ¢ by ¢ — 27 we multiply both sides by d7 and integrate according to 7 in
the interval of 0 to ¢/2. In the repeated integrals of the formed equation we change the order of
the integration. After simple calculations we arrive at the equation (3.8). The equivalence of the
equations (3.4) and (1.10) is proved the same way. O
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4. Formulation and Proof of the Main Results

We denote by A(kg) the set of pairs of functions {k(t), f(¢)}, that for some T > 0 satisfy the
following condition

max{||k[|cjo,77; | fllcio,r} < ko, ko > 0.

Theorem 4.1. Let (k) f)) € A(ky), (k) f2)) € A(ko) of the solution of the inverse problem
(1.8)~(1.10),(1.12) with the data F\V (A, 1), FS2 (A 1), § = 1,2, respectively, F\Y) = F\P (A, t)—
Féi)()\g,t). Then there exists a positive constant C, depending on A1, A2, T, ko, a, such that the
following estimate is valid

15D — k@i ooy + 1FY = FP e <

2
1 2 ~(1 ~(2
<O STIEY 00 = BP0y Olloror + 1) = F lezio,r | - (4.1)
j=1

Uniqueness the following theorem easily follows from the Theorem 4.1 for any T > 0.

Theorem 4.2. Let the function (k¥ f) € C[0,T] and Fo(i)()\j,t), 1=1,2, j =1,2 has the
same meaning as in the theorem 4.1. If in this Fél)()\j,t) = Féz)(}\j,t), j=1,2 fort e [0,T],
then k) = k@) f1) = ) qt t € [0, T].

We assume that the functions £, FO(X\; ), k@, i=1,2, j =1,2 are the same as in the
theorem 4.1. The solution of the problems (1.8)—(1.10) at k = k() f = f0_ X = \; will be
denoted by v(# )(y7 t). We also introduce the following notation:

F&)y = O = r@ By, t) = BV, 0) = B2 (0,1, k) = kD — k3,
0D (y,t) = v (y,1) — 0@ (y,1), j=1,2.

We write for newly introduced function the integral relations corresponding to it. From the
equations (3.1) and (3.2) it is concluded that

8D (y,t) = Fo(\j,t —y) + % /D( ){al%(T —&) =g, 7)—
y,t

B /07—5 [l};(a)v(lj)(fﬂ' —a)+ e (a)@(j)(g’T — a)} da}drdf, (4.2)

\ (t+y)/2
W) = Pyt -+ 3 [ {afe(t—|y—s|—f>—ﬂj<s,t—|y—s|>—

t—|y—£&|—¢
- [Ma)v“j)(at g€ - )+ KD (@) (et~ Jy— ] - a)}da—

0

1[+/t—y t—y i t—y t—y

“Zlak | —2 2 J) Y -z 7 —_Z_Z] )=

G e R R O )
(L4152 -g)

- / (fc(a)v(lj) (57 t%y + ‘5 - t;y‘ - a) +
0
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e oY) B[ )| S

From the relations (3.3), (3.4) we find the equations for the functions f(), k(t) in the form

of

2 - -
W [Foltt()‘h t) — Foltt()\% t)] +

[l (5 255 (5425
k2 (7) (A%f}t(l) (t;gt‘;g—f) 2252 (5 bre_ ))]dT de. (4.4)
Fo = —Eunt) + 4 [ okt o0 (155,525 -

3 _ _
-/ {z}(ﬂvm (t e -T> + KD () (t - ,—tgﬁ -Tﬂ dT}dg. (4.5)
0

We denote

k(t) =

p<t>max[ max 000, max |o§”<y,t>|,|1%<t>|,|f<t>|},

0<y<T/2—[t—T/2| 0<y<T/2—[t~T/2|
elo,7], j=1,2.

According to the Lemma 2.1 the functions v¥ are differentiable in the domain Dy and satisfy
the estimate
v lor(pry < M, i, = 1,2,

with some constant M, depending only on A1, Ao, T, kg, a. Using an equivalent definition of the
domain Dr in the form of

Dr = {(&T)IITHyI <€< (t+y)/2I(t+y)/277(ty)/2<7<t},

from the equation (4.2) we find that for y € [0,7/2 — |t — T'/2|] the following inequalities are
valid

2

» ~ 22
79w, )] < 1Fo(Ng, B)llco.ry + = /{ p(r—&)+p(r +/ (Mp(a) + kop(r — a))da}dmg

D(y,t)

t
- T)\Q,
<||F0()\jvt)||0[o,T]+le/{(l—ka)p( (M + ko) /p }

0

- T/\2
< 1Fo(y, Dot + — (1 +a) + T(M + ko) / ol (4.6)
0

- 135 -



Durdimurod K.Durdiev An Identification Problem of Memory Function of a Medium and the Form...

Analogously, we obtain

t
5001 < I1FoeOvs Ol oo+ er [ plr)ar, (@7
0
9 t

7 (1 (2

0 < e 188~ Fiihlcwm +ea [ oir)ar (43)
0
t
FO < 1B, Ot + ca [ pr)d (19)
0

where the constants ¢;,7 = 1,2,3 only depend on A1, Ag, T, kg, a. From the relations (4.6)—(4.9)
it is concluded that p(t) satisfies an integral inequality

o(t) < max{|ﬁo<xj,t>||cm,ﬂ, 1B ) llcrom.

t
2

.1 . (o .
v 1Foon — Fooullcoy: [Foe(ha t)lepo,ry ¢+ eo / plr)dr,
(Ml —A3)a J
with some constant cg, that only depends on A1, Ao, T, kg, a.
It is well-known that the last inequality admits the estimate (4.1).
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