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In this paper, we consider the set of hyperfunctions, which is a subset of the full partial ultraclone of
rank 2. For hyperfunctions, the problem of their classification with respect to membership in the the
mazimal partial ultraclones is solved. The relation of membership in the maximal partial ultraclones is
an equivalence relation and generates the corresponding partition into equivalence classes. A complete

description of all equivalence classes, the total number of which is 28, is obtained.
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Introduction

A sets of multifunctions are considered. A multifunction on a finite set A is a function defined
on the set A and taking as its values its subsets. Obviously, superposition in the usual sense
does not work when working with multifunctions. Therefore, they need to give a new definition
of superposition. Two ways of defining superposition are usually considered: the first is based on
the union of subsets of the set A, and in this case the closed sets containing all the projections
are called multiclones, and the second is the intersection of the subsets of A, and the closed sets
containing all projections are called partial ultraclones. The set of multifunctions on A on the
one hand contains all the functions of |A|-valued logic and on the other, is a subset of functions
of 214l-valued logic with superposition that preserves these subset.

In the theory of functions the problem of classification is interesting. One of the known
variants of the classification of functions of k-valued logic is one in which functions in a closed
subset B of a closed set M can be divided according to their membership in the classes that are
pre-complete in M. In this paper, the subset of B is the set of all Boolean functions, and the set
of M is the set of all multifunctions on the two-element set, and the partial maximal ultraclones
are pre-complete classes.

Note that the quality and type of functions are limited to the function The other k-logic logic
is used, for example, in the process [1-§].
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1. Basic concepts and definitions
Let £ ={0,1} u F = {2,{0},{1},{0,1}}. We define the following sets of functions:
Py, ={flf:E" = F}, P; =UP;,;
P2,n:{f|f€P2;,nH|f(d)|:1f0rany&€En}7 PQZUPQ,TL;
Py =/ E" = F\{a}}, Py =UP,,;
Py, = {fIf € P;n and |f(&)| < 1 for any & € E™}, Py = UP2*7n.

Functions from P, are called Boolean functions, functionsnfrom P5 are called partial func-
tions on E, functions from P, are called hyperfunctions on E, functions from P; are called
multifunctions on FE.

We believe that the superposition

FUfa(zy, - zm), o fa(@1, oy Tm)),

where f, f1,..., fn € P5, represents some multifunction g(z1,...,z,,) on a tuple with elements
from the set F, if for any (aq,..., ) € E™
N f(B1,...,Bn) if the intersection is not empty;
Bi€fi(ar,e..;am)
glat,. ..., ) =

U f(B1,...,Bn) otherwise.

Bi€fi(ar,...,am)

On tuples containing @, the multifunction takes the value @.
This definition allows you to find the value f(x1,...,z,) for every (o1,...,0,) € F™.
For simplicity we use the following code:

<+ %,{0} < 0,{1} « 1,{0,1} + —.

We note that in this paper we will adhere to the terminology adopted in [9], which will allow
us not to introduce additional definitions here.

In [10] it is proved that the maximal partial ultraclones of rank 2 are only the following 12
sets:

1) K is the set consisting of all multifunctions f such that f(0) € {0, *}.
2) K is the set consisting of all multifunctions f such that f(1) € {1,*}.

3) K3 is the set consisting of all multifunctions f for which one of the two conditions is
fulfilled:

o FO) =+ or f(T) =+,
e f(0)=0 and f(1)=1.

4) K4 is the set consisting of all multifunctions f such that on any binary tuple & one of
three conditions is fulfilled:
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5) K5 is the set consisting of all multifunctions f such that on any binary tuple & one of two
conditions is fulfilled:

o J(&) =+ or f(a) =+,

e f(&) = f(a), where f(a) € {0,1}.

6) Kg = Py U {x}.
7)) K7 = Py.
8) Ky is the set of all multifunctions f that simultaneously satisfy three conditions:

o if (&), f(B), f(3) € {0,1}, then

0 0 0 1

&,1
21 T
m
o
o
—

where @ = (aq,..., ), B = (B1y---,8n), ¥ = (71,---,7s) are binary tuples such that
(aiiBii) € {(000), (001), (010), (111)} for any i € {1,...,n};

o if there is a binary tuple & such that f(@) = —, then for any binary tuple 3 true f(5) # 1;

e let binary tuples & = (aq,...,ay), 8 = (B1,...,B,) such that a; < B; forany i € {1,...,n}

then, if f(&) = %, then f(8) = *.
9) Ky is the set of all multifunctions f that simultaneously satisfy three conditions:

o if f(@), f(B), f(7) € {0,1}, then

& 0\ /0\ /1
18leq|o]. o), 11},
o 0 1

where & = (a1,...,0), 8 = (B1,..-,Bn), ¥ = (71,...,7n) are binary tuples such that
(i Biyi) € {(000), (011), (101), (111)} for any ¢ € {1,...,n};

e if there is a binary tuple & such that f(&) = —, then for any binary tuple /3 true f(j3) # 0;

e let binary tuples @ = (a1, ...,an), 8= (B1,...,5,) such that a; < §; forany i € {1,...,n}

then, if f(5) = *, then f(&) = *.

10) K is the set of all multifunctions preserve the predicate

00001111 - «
Ryp = 8 (1) (1) 1 1 (1) (1) 8 : 5 , where (o, 3,7,0)t are all sorts of columns in
01101001 -9

which «, 3,7,6 € F are simultaneously satisfy two conditions:

e in every column (a, 3,7,4)" among a, 3,7, least two assume the value x;

e in every column (a, 3,7,6)?, if 0 or 1 are found among «, 3,7,d then all of them are not
equal to —.
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11) K1 is the set of all multifunctions preserve the predicate

0O 001 1 0 0 — — 01 — % % % % % % 5
R1i=10 01 01 0 — 0 — % x *x 0 1 — % x % =«
01 001 — 0 0 — *x * x * x *x 0 1 — =%
12) K19 is the set of all multifunctions preserve the predicate
0 01111 1 — — 01 — % *%x * % % * =x
Rpo=101 01 1 1 — 1 — % % * 0 1 — % x % =«
01101 — 1 1 — % *x x % x *x 0 1 — =%
For any multifunction f we uniquely define vector 7(f) = (71,...,712). This vector 7(f) is a
if K;
vector of membership in the sets K; — K15 and for every i € {1,...,12} 7; = { (1) ¥f ; ; P
1 i

The membership relation in the sets K7 — Ki2 is an equivalence relation and generates a
partition of Py into equivalence classes. For multifunctions from one class, the membership
vectors in the sets K1 — Kio are the same. Since there are 12 maximal partial ultraclones, the
largest possible number of equivalence classes is 212 = 4096.

In this paper, we find the number of equivalence classes that consist only of hyperfunctions.

2. The main result

In [1] it is shown that the set of Boolean functions is divided into 15 equivalence classes with
respect to membership in the maximal partial ultraclones. Therefore, throughout the paper, we
consider only hyperfunctions from the set P, \ P». Obviously, any hyperfunction belongs to the
K and does not belong to the K.

Lemma 1. For any f € Py, \ P the following statements are true:

1) f ¢ K5;
2) if [ is not the constant hyperfunction —, then f ¢ Ko,
3) fe Ki(\ Kz if and only if f € K3.

Proof. 1) Let f be an arbitrary hyperfunction from the set P, \ P». There must be a tuple &

such that f(&) = —. Moreover, it is obvious that f(a) € {0,1,—}. Therefore, f ¢ K.
2) Let f be an arbitrary hyperfunction other than the constant hyperfunction —. There are

~1
& _
~1 _

tuples &' and a2 such that f(&') = — and f(a?) = A € {0,1}. Then f 22 =1\ ¢ Rio,
a? A

where column (a}ala?a?)! belongs to the predicate Rig for any i € {1,...,n}

3) The assertion follows directly from the definitions of the Ki, Ky, Kj. O

Lemma 2. For any f € Py \ P the following statements are true:
1) fo ¢ Kg then f ¢ KH,
2)if f & Ko then f ¢ Kia.

Proof. 1) Let f ¢ Kg. Suppose that f does not satisfy the first condition in the defini-
tion of the Kg. There are tuples &' = (ai,...,al), where i € {1,2,3}, such that col-

n

umn (ojaja3) coincides with one of the columns (000)*, (001)*, (010)*, (111)* for any j and

at 1 0 1 1 at 0 1 1
fla?| e o],11),10},11 LI fla?) e 11,10],(1 , then considering
a? 0 1 1 0 a? 1 1 0
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that (000)t, (001)t, (010)¢, (111)t € Ru and (011)t, (101), (110)¢ & Ry, we get f & Kyi. If
al 1 al

fla?| =10], then f| 3 — | ¢ Ri1, where the tuple 8 = (B1,...,8,) is such that
&l 0 as 0

B, = — for those k for which (ajaza})t = (010)!, and By = a3 for the remaining k. Therefore,

f & K.

Now suppose that f does not satisfy the second condition in the definition of the Kg. There
are tuples &' and &2 such that f(a') = — and f(a?) = 1. Consider the value of f on the tuple
~1

& _ _
consisting only of 1. If f(1) € {0,1},then f [ T | €{ [0, [1 ¢ Ryp. If f(1) = —, then
<1
a _ _
@\ (1
fl1)=1|-| ¢ Ri1. Therefore, f ¢ Ki;.
a? 1
2) The proof is similar to the proof of the preceding item due to duality. O

Lemma 3. For any f € Py, \ P the following statements are true:
1) if f € Ky, then f ¢ K9 and [ ¢ Kia;
2) fo € Ko, then f §‘é Kg and f ¢ Ki1;
3)if f € Ki[ Kz, then f ¢ Ks|UKg and f & K11 Ki2.

Proof. 1) Let f € K;. Then f(0) = 0, i.e. there is the tuple on which the value of f is equal to 0.
So, taking into account the mandatory existence of a tuple on which the value of the function
f is equal to —, we obtain that the hyperfunction f does not satisfy the second condition in
the definition of the Kg. Therefore, f ¢ Ky and, by the point 2) of Lemma 2, we obtain that
[ ¢ K.

2) The proof is similar to the proof of the preceding item due to duality.

3) The validity of the statement follows from the items 1) and 2) of the present Lemma, as
well as the items 1) and 2) of Lemma 2. O

Lemma 4. Let f € Py \ Py. If fe K1\ Ky or f € Ko\ Ky, then f ¢ K.

Proof. For definiteness, let f € K;\ Ka. Then f(0) = 0 and f(1) € {0, —}. We show that in each
case the hyperfunction f does not satisfy the conditions in the definition of the Ky4. If f (1) =

thenf() f()—Oyél—f()—f().Iff()——thenf() f()—O;é—.Inthecase
when the hyperfunction f belongs to the set Ks \ K7, the proof is similar. O

Lemma 5. For any f € Py \ Py the following statements are true:
1) if f € Ks( Ko, then f is the constant hyperfunction —;
2)if f € K11 K12, then f is the constant hyperfunction —.

Proof. 1) Suppose f is not the constant hyperfunction —. Then there is a tuple & such that
f(@) =X €{0,1}. There is necessarily a tuple in which the value of f is equal to —. So, if A =0,
then f does not satisfy the second condition in the definition of the Ky, if A = 1, then f does
not satisfy the second condition in the definition of the Kg. Therefore, either f ¢ Kg or f ¢ Ksg,
which contradicts the fact that f belongs to the set Kg [ Ko.

2) Suppose f is not the constant hyperfunction —. From the previous item, we obtain either
f ¢ Kg or f ¢ Kg. Further, using the assertions of Lemma 2, we obtain that either f ¢ Kj5 or
f ¢ K11, which contradicts the fact that f belongs to the set Kj1 [ Ki2. O

Lemma 6. Let f € P, \ Po. If [ ¢ Kil|JK2 and f € Ky, then either [ is the constant
hyperfunction — or f ¢ Kg|JKq and f ¢ K11 | Ki2.
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Proof. Since f ¢ K1|J K2, then f(0) € {1,—} and f(1) € {0, —}. Considering that f € Ky it is

enough to consider cases f(0) = 1, f(1) =0 and f(0) = f(1) = —. In the case when f(0) = 1,
f(1) = 0 as well as in the proof of Lemma 3, we get that f ¢ Ks(J Ko and f ¢ K11 |J K12. If
f(0) = f(1) = —, then either f is the constant hyperfunction — and the statement of the Lemma

holds, or there is a tuple & such that f(a) € {0,1}. Without loss of generality, we can assume
that f(&) = 0. Since f € Ky, then f(&) = 1. Thus, there are tuples on which the hyperfunction
f is equal to 0, 1, and —. Therefore, f ¢ Kg|J K9 and f ¢ K1 |J K12. O

Lemma 7. Let f € Py \ Po. If f ¢ K1|UK> and f ¢ Ky, then f ¢ K11 |J Ki2.

Proof. Since f ¢ K;|J K», then f(0) € {1,—} and f(i) € {0,—}. For the cases when f(0) and
0 1 1 -
f(1) are not equal to — simultaneously, we have f | 1] € o),{-1,10 ¢ Ry; and
0 1 1 -
1 0\ [0\ (- o
fl1o| e 1,1=-1,11 ¢ Ryy. Suppose f(0) = f(1) = —. Since f ¢ Ky, it is not
1 0 0 —
the constant hyperfunction — and, so, there is a tuple & such that f(&) = A € {0,1}. Then
0 — 1 —
f é} = A ¢ R11 and f (}é = A ¢ R12. O
0 - 1 -

Theorem 1.1. The set of all hyperfunctions of rank 2 other than Boolean functions generates no
more than 13 equivalence classes with respect to membership in the maximal partial ultraclones.

Proof. From the first two points of Lemma 1, it follows that for any of the considered hyperfunc-
tions f the components 75 and 719 of the vector 7(f) = (71 727374750178T9T10T11T12) are equal
to 1, where 7(f) is the vector of membership in the K; — Kj2. From the third point of the
Lemma 1 we get that (my7273) € {(000), (011), (101), (111)}. Consider all these cases.

From the third point of Lemma 3, it follows that the hyperfunctions belonging simultaneously
to the Ky, Ko, K3 are divided into no more than 2 equivalence classes, these classes correspond
to the vectors (000010111111), (000110111111).

Now consider the hyperfunctions that either belong to K7 and do not belong to Ks, K3, or
belong to K3 and do not belong to K7, K3. Using Lemma 2, the first two points of Lemma 3 and
Lemma 4, we obtain that the number of equivalence classes for such hyperfunction is no more than
6 and the vectors corresponding to these classes have the form (011110101101), (011110101111),
(011110111111), (101110110110), (101110110111), (101110111111).

It remains to consider hyperfunctions that do not belong to any of the Ky, Ko, K3. It is
obvious that among such hyperfunctions there are those that take the value — on each tuple. It
is easy to verify that the vector of membership in the K7 — K75 for these hyperfunctions has the
form (111010100000). Further we assume that hyperfunctions are not constant. By Lemma 6,
we obtain that hyperfunctions belonging to the K4 can generate at most one equivalence class,
to which the membership vector (111010111111) corresponds. Further, applying Lemmas 5
and 7, we obtain that hyperfunctions that do not belong to the K, are divided into no more
than 3 equivalence classes, which correspond to the vectors (111110101111), (111110110111),
(111110111111). O

Theorem 1.2. The set of all hyperfunctions of rank 2 generates 28 equivalence classes with
respect to membership in the mazximal partial ultraclones.

Proof. Since the number of classes of Boolean functions is 15 considering the previous theorem,
we obtain that all hyperfunctions are divided into no more than 28 equivalence classes.
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As a result of computer calculations on hyperfunctions of three variables, 28 different vectors

of membership in the K; — K15 were found. The Tab. 1 shows the vectors of affiliation and

the

corresponding hyperfunctions. Table 1 shows membership vectors and the corresponding

hyperfunctions. Note that at number 23 there is the constant hyperfunction —.

Table 1

N 7(f) f(@1, 20, 23) || Ne 7(f) f(z1, 20, 23)
1 | (000000000000) | (00001111) || 15 | (101110000000) | (11111111)
2 | (000000011011) | (01101001) || 16 | (101110011011) | (10011001)
3 | (000000011111) | (00010111) || 17 | (101110011111) | (10000001)
4 | (000010111111 | (000——111) || 18 | (101110110110) | (—1111111)
5 | (000110001101) | (00000001) || 19 | (101110110111) | (111111-1)
6 | (000110010110) | (00111111) || 20 | (101110111111) | (100000—1)
7 | (000110011111) | (00000111) || 21 | (111000011011) | (10010110)
8 | (000110111111) | (000000—1) || 22 | (111000011111) | (10001110)
9 | (011110000000) (00000000) 23 | (111010100000) —

10 | (011110011011) | (00111100) || 24 | (111010111111) | (100——110)
11 | (011110011111) | (00000010) || 25 | (111110011111) | (10000000)
12 | (011110101101) | (0000000—) 26 | (111110101111) | (—0000000)
13 | (011110101111) | (000000—0) || 27 | (111110110111) | (1111111-)
14 | (011110111111) | (0000001—) || 28 | (111110111111) | (1000000—)
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Knaccudukaius runepdyHKOUii paHra 2 OTHOCUTEJILHO
NPUHAAJIEKHOCTA MaKCUMAaJbHBIM YaCTUYHBIM
YJIbTPaKJIOHAM

Cepreii A. Bagmaes

WucruryT MareMaTuKu u MHMOPMATUKA
Bypsarckuit rocyiapcTBeHHBIN YHUBEPCUTET
Cwmouuna, 24a, Ynas-Yma, 670000

Poccus

B darroti pabome paccmampusaemcs MHoiHcecmeo unepPhynkyul, Komopoe AGAAEMCA NOOMHONCECTEOM
NOAHO20 YACNUWHO20 YALMPAKAOHG panea 2. [as sunepdynrkyuti pewena 3adaua UL KAACCUPGUKAUUY
OMHOCUMENLHO NPUHAOAEHCHOCTIU MAKCUMAALHDIM YACNUNHBIM YAbmpPpaKrioHam. OmuoweHrue npuHao-
NEAHCHOCTVU, MAKCUMAADHBM YACTNUNHDIM YADMPAKAOHAM ABNAAEMCA OMHOUEHUEM IKEUBAAEHMHOCTY U
nopootcdaem coomeemcemeyrowee pazbuerue Ha KAaCCoh IKsusasernmuocmu. Iloayweno noaroe onucarue
8CEXT KAACCO8 FKBUBANEHMHOCTIU, 00ULEE YUCAO KOMOPLIT pasHo 28.

Knrouesvie cr06a: mMyavmudynryus, 2unephymKyus, KoK, YAoMPaKAOH, MAKCUMAAGHOIT YACTNUYHOIT
YAOMPAKAOH, KAGCCUPUKAGUUA PYHKUUT.
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