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In this article we study multiplicative meromorphic functions and differentials on Riemann surfaces of
finite type. We proved an analogue of P. Appell’s formula on decomposition of multiplicative functions
with poles of arbitrary multiplicity into a sum of elementary Prym integrals. We construct explicit bases
for some important factor spaces and prove a theorem on a fiber isomorphism of vector bundles and
n!-sheeted mappings over Teichiiller spaces. This theorem gives an important relation between spaces of

Prym differentials on a compact Riemann surfaces and on a Riemann surfaces of finite type.
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Introduction

In the paper we study multiplicative meromorphic functions and differentials on Riemann sur-
faces of type (g, n). Recently the interest in this subject has increased in relation with applications
in theoretical physics, in particular, in description of vortex-like patterns in ferromagnetics [1].

In this paper we continue constructing the general theory of functions on Riemann surfaces
of the type (g,n) for multiplicative meromorphic function and differentials. We prove an analog
of P. Appell’s formula about the expansion of a multiplicative function with poles of arbitrary
multiplicity into a sum of elementary Prym integrals. Also we construct explicit bases for some
important quotient spaces and prove a theorem about fiber isomorphism of vector bundles and
n!—sheeted mappings over Teichmiiller spaces. This theorem gives an important relation between
spaces of Prym differentials (abelian differentials) on compact Riemann surfaces and Riemann
surfaces of finite type.

1. Preliminaries

Let F be a smooth compact oriented surface of genus g > 2, with the marking {ax,bx}_,,
i.e. an ordered collection of standard generators of 71 (F'), and Fy be a compact Riemann surface
with the fixed complex-analytic structure on F. Fix different points Pi,..., P, € F. We assign
type (g,n) to a surface F/ = F\{Py,...,P,}. By I we denote the Fuchsian group of genus 1
acting invariantly in the disk U = {z € C : |z| < 1} and uniformizing the surface Fjj. Thus,
Fj = U/I”, where I has the representation [2]
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g
= (A1,...,Ag,B1,...,By,Cy,...,Co: [[ AjBjA; "By Cy ... C = 1T).
j=1

Any other complex analytic structure on F”’ is given by a Beltrami differential p on FY,
i.e. by an expression of the form p(z)dz/dz, invariant with respect to the choice of the local
parameter on Fy, where yi(z)is a complex-valued function on Fy and [[ull, ) < 1. We denote
this structure on F’ by F},.

Since the mapping U — F{ = U/I" is a local diffeomorphism, any Beltrami differential x4 on
F{ lifts to a Beltrami I"-differential pon U, i. e. p € Loo(U), |1l o, = esssup, ¢y |pu(2)] < 1, and
wW(T(NT (2)/T (2) = u(z), 2 € U, T € T, see [3].

In the work [3, p. 99] there were constructed abelian differentials i [u], ..., (y[u] on F,), that
form a canonical base dual to a canonical homotopy base {a},b}}{_; on F,, which depends
holomorphically on moduli [u] for a class of conformal equivalency of a marked Riemann sur-
face F},. Further on, for brevity we shall write simply F}, for the class of equivalence FJ,,).
assume that the class [u] has Bers coordinates hq, ho, . .. h3g—3 when embedding the Teichmiiller

space T,(Fp) of compact Riemann surfaces into C3973. Moreover, the matrix of b-periods
B, (§)
Q(n) = (mjk[u])] =1 on F), consists of complex numbers m;x[u] = [ (([ul, w)dw, § € w*(U),
&

Here we

and depends holomorphically on [u].
For any fixed [u } € Ty and & € w*(U) define a classical Jacobi mapping ¢ : w*(U) — C9 by

the rule: ¢;(¢ fcj w)dw, j =1,...,g. The quotient space J(F) = CI/L(F) is called the

marked Jacobi mamfold for F = Fy, where L(F) is a lattice over Z, generated by the columns
e e 7MW 79 of the matrix (I4,€), where I, is an identity matrix of order g. The
universal Jacobi manifold of order g is a fibered space over T,, with fiber over [u] € T, being a
marked Jacobi manifold J(F),) for a marked Riemann surface F [4].

A character p for F}, is any homomorphism p : (m1(F),),") = (C*, ), C* = C\ {0}. Further on
we shall assume that p(’yf ) = 1, where fy;‘ is a simple loop around only one puncture P; on F[L,

j=1...,n

Definition 1. A multiplicative function f on Fl; for the character p is a mermorphic function

[ onw"(U) such that f(Tz) = p(T)f(2), z € w'(U), T € T,.

Definition 2. A Prym q-differential with respect to a Fuchsian group T’ for p, or a
(p, q)-differential, is a differential w(z)dz? such that w(T2)(T"2)? = p(T)w(z), z€ U, T €', p
I — C*.

If a multipicative function fo on F), for p does not have zeroes or poles, then the character
p is called non-essential and fj is called a unit. The characters which are not non-essential are
called essential on 7 (F},). The set Ly of non-essential characters form a subgroup in the group
Hom(T',,,C*) of all characters on I';,. A divisor on F), is a formal product D = P;"* ... P'’*,
Pj GFH,TL]‘ €Z, j=1,... k.

Theorem (Abel’s theorem for characters [2,5]). Let D be a divisor on a marked variable compact
Riemann surface [F,,{a¥,..., ay, by .., bi}] of genus g = 1, and p be a character on w1 (F),).
Then D is a divisor of a multiplicative function f on F), for p if and only if degD = 0 and

p(D) = o Zz:logpb" (”—leogp 7D () (= v (p, [u])),
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where @[u) : Fj, — J(F),) is the Jacobi mapping.

The class Mi(p) consists of those Prym differentials for p on F ;/L’ which have finitely many
poles on F L and admit meromorphic continuation to Fj,.

2. An analog of Appel’s decomposition formula
for a multiplicative function on a variable Riemann
surface of finite type

Denote by TélQ =— f Tp Q an elementary Prym integral of second kind on F), for an essential

character p with only s1mple pole at @ with residue that depends holomorphically on [u] and p,
where 7% has zero residue at Q [5,6]
pQ e

Theorem 1. Let f be a branch of a function of class My for an essential character p on a variable

Riemann surface F;L of type (g,n), g = 2, n > 0, with pairwise distinct poles at P11, .., Pyys
of multiplicities Gn41, - .., Gnis With given principal parts:
Ajgs An
4 4 i=n+1,...,n+s. (1)
(z = 2(F;))% (z — 2(Fj))
1
Then for an analytic continuation of f we have (f) > Pi pinie g; 20,j=1,...,n, on F,
1 n+s
and
n+s 4j _
Ajy O
1=50 3 [t ). zcj/ 3
j=1m=1
A Ay A
where f = ——2% ___ 4.4 2, + L=+ O(1) for some branch in a neighborhood
(z — 2(F;))% (z—2(P))? z—2(P)

of Pj,j=1,....,n+s, na F,, and all summands depend holomorphically on [u] and p.

Let now p be a non-essential character. The proof of the previous expansion formula for an
essential character does not work since in this case there is no Prym integral of second kind
with only simple pole on F),. Therefore we need a Prym differential 7, 2:Q2Q2 of second kind for a
non-essential character p with two poles of second order at two dlstlnct points )1 and Q2 on A,
with zero residues at ; and Q2 [5 6]. In this case one should use as basic elements of expansion

the Prym integrals T),0,0, = f 2:Q2Q2 of second kind with two simple poles @1 and Q5.
1 c(_li

The Prym differential T;E?Q)h admits the expansion ( + O(l)> dz in a neigh-

(z—21)2 z—2z
borhood ofQ1, 2(Q1) = 21, where M i log p(a;)e ( 1) [5,6].

1 c(_Q%

The Prym differential T(_Q) als has an expansion + + O(1) |dz in a neigh-
PiQ (z—29)2  z— 12

borhood of Q2 ma F),, where ¢ Z log p(aj)goJ(Qg)

Prym differentials with two poles of the second order and zero residues at these points my be
given in the form

2 1 2 1
T0Q3Q2 = C 1f0(Q1) p(6)21 - C( % (QQ) 56)22 C( %C( iprQle
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fo(Q1)’ and at Qo it is — .
z—2 z — 29
It follows that the differential constructed above 7 2:Q2Q2 has poles of the second order at (Q; and

Q2, and zero residues at these points.

Note that the principal part for 7, ,¢, at @1 has the form

Theorem 2. Let f be a branch of a function of class My for a non-essential character p on
a variable Riemann surface F, of type (9,n),g = 2, n > 0, with pairwise distinct poles at
Poi1,. .., Pogs of multiplicities gn41, - . ., qnts with given principal parts 1. Assume that for an

analytic continuation of f to F,, the conditions (f) > 0,7 =1,...,n, and

- 4>
q1 Gnts 4 2
P P

g !
> logp(a;)e;(Puts) # 0 are fulfilled. Then
i=1

C / f i+ redt AT, ArldLpiPrPrys i Aim 8m_1Tp;P1 Pri1 +
0 —
o P9t 2 g ) ol app
n+s 2 j—1
n Z ; 26TP7P P Ajs 3Tp7;1;,ﬂ 4ot Ajo, O Tf);jjpl +C,
2 OP; (¢ =1D!  op¥

where 4 A A
7545 7,2 7,1

Pyt + +0(1

G 2(P)o G2 " z—zpy) W

for some branch in a neighborhood of Pj, j = 1,...,n+ s, on F,; C = 0 for p # 1; d), =

f=

= 21 log p(am)som(Pk), kE=1,...,n+s, on Fy,, and all summands depend holomorphically on
1] and p.

3. Vector bundles of Prym differentials over a Techmiiller
space of Riemann surfaces of finite type

Denote by Qg( o ;F,L> the vector space of (p, ¢)-differentials that are multiples of

a1
1o s

1
the divisor —————— Qal —ar>wherea; 21, 0 €N, j=1,...,5,s>21,¢> 1L €N, and by Q4(1; F,)
the vector subbpace of holomorphic (p, ¢)-differentials on F), [2]. Here the divisor Q;...Qs on
F,, is understood as a constant set of points on a surface F' of genus g > 2.

Lemma 1 ( [5], 105-106). A holomorphic prinsipal Hom(L,C*)-bundle E is biholomorphic to
the trivial bundle Ty (Fy) x Hom(T', C*) over T, (Fp).
Proposition 1. The vector bundle E=UQ4 (W, Fu)/QZ(l; F,) over Tgx (Hom(I',C*)\1)

for g >1 (over Ty x (Hom(I',C*)\L,) when ¢ =1) and g > 2 is a holomorphic vector bundle of
rank a1 + - - + a5 = d, while the co-sets of (p, q)-differentials

+ Llen) ey L)
Toa;Q17 2 TpasQur 2 Tp,aiQsr 0 Tp,asQs0 (2)

form a basis of locally holomorphic sections of this bundle.

Lemma 2. For any diwisor PI*-...-Pi ¢; >0,j=1,...,n, ¢ > 1 and any p (or ¢ =1 and an
1

essential character p) on F,, of genus g > 2, there exists a differential © € Q2 (W’ Fu)
1 et n
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Ry,...,R .

with the divisor (©) = H7 where Rj # P,l=1,...,n,j =1,...,N, N = (29 — 2)q+
1 "t dm

+q1+. .. +qn, and any given principal parts of Laurent series at P;,j = 1,...,n, for its branches.

This differential depends locally holomorphically on moduli [p] of the surface F,, and the charac-
ter p.

Consider the diagram

E' QZ(W’F/JOM QZ(%Q“FO E
=U L - U st =
QI(L,F,) N M, QI(L, F,) -
+ +

Ty x Hom(I',C*)\X — T, x Hom(T',C*)\X,

where TTZ is a part of the Teichmiiller space T, ,, [6, p. 81, p. 88|, the vertical arrows are projec-
tions in vector bundles, and the lower horizontal arrow is related to the operation of gluing the
punctures, which makes the surface F\{P,..., P,} into a compact surface F' [2].

Theorem 3. The diagram above is a commutative diagram of vertical holomorphic vector bundles
with isomorphic corresponding fibers and horizontal holomorphic n!-sheeted mappings, where
X =1 when g >1, and X = L, when ¢ = 1.

It should be noted that analogous results hold true for the spaces of single-valued (Abelian)
differentials.
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Huddbepenmmasbl IIpuma n npocrpancrBa Teiixmrosiepa

Anekcansap B. UyereB
BukTop B. Uyeniesn

MucruryT dyHmaMeHTaIbHBIX HAYK
KemepoBckuit rocyiapcTBeHHBIN YHUBEPCUTET
Kpacnas, 6, Kemeposo, 650043

Poccusa

B pabome uccaedyromea MYALomMUNIUKGMUSHE MEPOMOPPHble GYHKUUU U JuPPeperuuanb, Ha puMma-
HOBHLL NOBEPTHOCTNAL KOHEUH020 muna. Jokasan ananoz opmysve I1. Anneas o passoscenuu Myavmu-
NAUKAMUBHOT, PYHKUUL € NOAIOCAMYU A0ODT KDAMHOCMET 8 CYMMY IAEMERMAPHUT UHMe2panos ITpuma.
Iocmpoenv, asnvle 6a3ucol OAA PAOG 8aNCHHT Pakmop-npocmparcms. JoKka3ana meopema o nocaotiHom
uzomopPuame eKMOPHLIT paccaoenuti u nl-aucmuvix omobpascenuti nad npocmparncmeamu Tetizmonne-
pa. Oma meopema daem 8aAHCHYIO C6A3b meacdy npocmpancmeamu Jupdepenyuanos Ilpuma (abesresvix
duddepenyuanos) Ha KOMNAGKMHOT PUMGHOBOT NOBEPTHOCTIYU U HA PUMAHOGOT, NOBEPTHOCTNU KOHEUHO20
muna.

Karoueswie caosa: npocmparcmea Teldrmroanepa pumarosux noseprrocmeti Koneunozo muna, dugdgde-
peryuasv, Ipuma, sexmoprvie Paccroerus, 2pynna Tapakmepos, mHoz000pasus Hrxobu.
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